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Each arc ain a network is considered to carry a flow x5. A
negative flow is considered to be flow in the opposite direction
to the arc.
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Definitions

Each arc ain a network is considered to carry a flow x5. A
negative flow is considered to be flow in the opposite direction
to the arc.

The inflow at a node j:

= total flow in to node j — total flow out of node j

= D> Xij— > Xk

i(if)eA kl(,k)eA
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Definitions

Feasible Flow

Given a network (N, A), a vector of required inflows b at each
node, upper and lower bounds u and / on the allowable flow on
each arc, a flow is defined to be feasible if

Z Xij— Z Xik="b VjeN (Inflow)
i|(i.)eA kl(j,k)eA

lij<xij<uy v(i,j)e A  (Capacity)
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Definitions

Feasible Flow

Given a network (N, A), a vector of required inflows b at each
node, upper and lower bounds u and / on the allowable flow on
each arc, a flow is defined to be feasible if

Z Xij— Z Xik="b VjeN (Inflow)
il(i.j)eA kl(j,k)eA
lij<xij<uy Y(i,j)e A  (Capacity)

What does this mean about the total required inflow?
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Definitions

Optimisation Problem

We allow each arc (/,) to have a cost ¢; ; per unit of flow.

This gives the following optimisation problem:

min Y ci X, (1)
(i.j)eA

s.t. Z Xi,j — Z Xj,k = bj Vj eN (2)
il(i,j)EA K|(j,k)EA
lij<xij<u V(ijecA 3)
x;j integer V(i,j)€ A (4)
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Definitions

The Good News

Network Flow has the integrality property. Which means that if
b, I and u are integer, an optimal solution to its LP relaxation
will be integer.
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Definitions

The Good News

Network Flow has the integrality property. Which means that if
b, I and u are integer, an optimal solution to its LP relaxation
will be integer.

We have methods which are even faster than the simplex
method for solving network flow problems.
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Modelling with Network Flow

The shortest path problem.

Network Flow Problems 1



Modelling with Network Flow

The shortest path problem.
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Modelling with Network Flow

Transportation Problem
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Transportation Problem
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Modelling with Network Flow

Assignment Problem
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Assignment Problem
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Modelling with Network Flow

Distribution

@ Two plants producing goods, A and B.

@ Three customers requiring goods, C, D and E.
@ Production costs ¢4, cB.

@ Producton amounts /4, /8.

@ Transport costs tXY

@ Demand d°, dP, af.
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Distribution

Network Flow Problems 1



Modelling with Network Flow

Distribution Extensions

What if the capacities are upper bounds rather than exact
values?

What if there are multiple products?

Network Flow Problems 1



Modelling with Network Flow

Distribution with Multiple Products
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Modelling with Network Flow

Distribution with Multiple Products
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Distribution with Multiple Products
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Modelling with Network Flow

Distribution with Multiple Products
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Modelling with Network Flow

Inventory Problem

We need to meet set demand for each time period.
We can produce no more than a set limit in each time period.
We incur costs for holding units in inventory and for production.

How can we model this as a network flow problem?
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Modelling with Network Flow

A Single Time Period

Production

Carryover Inventory Ci')Carryover Inventory

Demand
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Modelling with Network Flow

Inventory Problem

We need to meet set demand for each time period.
We can produce no more than a set limit in each time period.
We incur costs for holding units in inventory and for production.

How can we model this as a network flow problem?
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Modelling with Network Flow

Inventory Problem

We need to meet set demand for each time period.

We can produce no more than a set limit in each time period.
We incur costs for holding units in inventory and for production.
How can we model this as a network flow problem?

What about if we incur extra costs for people working overtime?
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Modelling with Network Flow

Inventory Problem

We need to meet set demand for each time period.

We can produce no more than a set limit in each time period.
We incur costs for holding units in inventory and for production.
How can we model this as a network flow problem?

What about if we incur extra costs for people working overtime?
What about if we receive ‘economies of scale’ benefits for large

production?
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© Multi-Commodity Flow
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Multi-Commaodity Flow

If we have multiple commaodities flowing through a network what
changes?
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Multi-Commaodity Flow

If we have multiple commaodities flowing through a network what
changes?

We can create an individual network for each commodity and
carry on as usual with a larger network.
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If we have multiple commaodities flowing through a network what
changes?

We can create an individual network for each commodity and
carry on as usual with a larger network.

UNLESS
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Multi-Commaodity Flow

If we have multiple commaodities flowing through a network what
changes?

We can create an individual network for each commodity and
carry on as usual with a larger network.

UNLESS

The commodities share capacity.
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Multi-Commaodity Flow

LP Formulation

Standard Network Flow

min ¢x
st. Mx=b>b
I<x<u
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Multi-Commaodity Flow

LP Formulation

Standard Network Flow

min ¢x
st. Mx=b>b
I<x<u

Multicommodity Network Flow

min Z ckxk

keK
st Mxk=b¥
<3 6 <0
keK
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Multi-Commaodity Flow

The Bad News
Multi-commodity flow does not have the integrality property.
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Multi-Commaodity Flow

The Bad News
Multi-commodity flow does not have the integrality property.

Methods for multi-commaodity flow are not as well developed as
for network flow.
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Multi-Commaodity Flow

The Bad News
Multi-commodity flow does not have the integrality property.

Methods for multi-commaodity flow are not as well developed as
for network flow.

The Good News
Multi-commaodity flow is a very expressive modelling tool.
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