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Jo’s Problem

@ Jo is new to skiing
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Case Study

Jo’s Problem

@ Jo is new to skiing
@ Jo is scared of steep slopes
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Case Study

Jo’s Problem

@ Jo is new to skiing
@ Jo is scared of steep slopes
@ Jo has to get to his car
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Case Study

The costs on arcs represent the steepest slope in that section.

Jo
2 5y 5 M4y 9
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Case Study

Generalisation

Given any network (N, E) with costs ¢, on each edge e € E,
find a path from node s to node t which minimises the
maximum cost over the path.
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Case Study

Generalisation

Given any network (N, E) with costs ¢, on each edge e € E,
find a path from node s to node t which minimises the
maximum cost over the path.

Define a path p C A to be a set of arcs which form a path
between s and .

Let P be the set of all paths p.

The problem is now:
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Case Study

Generalisation

Given any network (N, E) with costs ¢, on each edge e € E,
find a path from node s to node t which minimises the
maximum cost over the path.

Define a path p C A to be a set of arcs which form a path
between s and .

Let P be the set of all paths p.

The problem is now:

min{maxec,C,
pep{ eepCe}
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Case Study

Relationship to MST

Proposition

Let T C E be a minimum spanning tree in (N, E) with respect
to the costs c¢. Then the path from sto t using only arcsin T is
a path which minimizes the maximum value of ¢ along the path.

See Lecture ]
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e Kruskal’s Algorithm
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Kruskal’s Algorithm

The Basic Idea

Start with an empty set.
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Kruskal’s Algorithm

The Basic Idea

Start with an empty set.

Add the shortest edge which doesn’t induce a cycle.
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Kruskal’s Algorithm

The Basic Idea

Start with an empty set.
Add the shortest edge which doesn’t induce a cycle.

Continue to add edges until you have a spanning tree.
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Kruskal’s Algorithm

A Bit More Formally

let L = a queue of the edges, stored in non-decreasing order of
length
let Er = 0
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Kruskal’s Algorithm

A Bit More Formally

let L = a queue of the edges, stored in non-decreasing order of
length
let Er = 0

while |[E7| < |[N]—1and L # () do
(1,§) = be the first edge in L
L:=L\(i,))
if Er U{(/,j)} has no cycles then
Er =E7u {(I,j)}
end if
end while
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

4 9 6 1

@ 5 @ 6 @ 10f1 Car
L=(8,12),(1,2),(5,9),(1,5),(2,3),(6,7),(9,10),(10,11)
(2,6),(7,11),(7,8),(5,6),(3,7),(6,10),(3,4),(11,12), (4, 8)
|Er| =
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

N
(o]
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—

©—5(0—5)—10 20w
1

L= (172)7 (579)7( 75)7(273)7 (677)7(97 10)7 (10711)7(276)
(7,11),(7,8),(5,6),(3,7),(6,10),(3,4),(11,12),(4,8)
|Er|=1
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

L= (57 9)7 (175)7 (273)7 (67 7)7 (97 10)7 (107 11 )7 (27 6)7 (77 1 1)
(7, 8), (5,6), (3, 7), (6, 10), (3,4), (1 1, 12), (4, 8)
|Er| =2
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo

2 5y 5 My 9
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L= (1 ) 5)7 (273)7 (67 7)7 (97 10)7 (107 11)7 (276)7 (77 11)7 (77 8)
(5.6),(3,7),(6,10),(3,4),(11,12), (4,8)
|E7| =3
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

S
4 9 6 1
@ 5 @ 6 @ 10/1 Car
L=(2,3),(6,7),(9,10),(10,11),(2,6),(7,11),(7,8)
(5,6),(3,7),(6,10),(3,4),(11,12),(4,8)
|Er| =4
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9
Q. (2) 3 4
5 6 8 11
N7 (B2 (7 6 %
® ©) ), ®
4 9 6 1
N 9% A0 6 43 104
O——19——O—@3C
L=(6,7),(9,10),(10,11),(2,6),(7,11),(7,8), (5, 6)
(3,7),(6,10),(3,4),(11,12), (4,8)
|Er| =5
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9
Q) (2) (3) 4
5 6 8 11
N7 S5 7 6
O, (6 () ®
4 9 6 1
L= (97 10)7 (107 11)7 (276)7 (77 11)7 (778)7 (57 6)7 (377)
(6,10),(3,4),(11,12),(4,8)
|ET| =6

Minimum Spanning Tree Case Study



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9
Q) (2) 3) (4
5 6 8 11
N7 S5 7 6
) &) (7 ®
4 9 6 1
L=(10,11),(2,6),(7,11),(7,8),(5,6),(3,7),(6,10)
(3 8)
|E

), (11 12), (4.8
Tl =

Minimum Spanning Tree Case Study



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9
Q) (2) 3) 4
5 6 8 11
N 7 ev—5 7 6
©, (5) () ®
4 9 6 1
N 5 A 6 10
(O—2~10—2—({)—"0-(3 O
L= (276)7 (77 11)7 (778)7 (576)7 (377)7 (67 10)7 (374)
(11,12),(4,8)
|ET| =8
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
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6,10),(3,4),(11,12)
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9
Q) (2) (3) 4
5 6 8 11
N7 S5 76
O, (6 () ®
4 9 6 1

N

N 5 A6 o 10 -~
© (19 Q) 12 Car
L= (77 8)7 (57 6)7 (37 7)7 (67 10)7 (37 4)7 (1 1, 12)7 (47 8)

|ET| =9



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo

2 55 M~ 9
Q) (2) (3) O,
5 6 8 11
N (e —2 6
O, C () (®

1

N3 10—b_17_ 10 45C
O——10——1)——3%

L=(5,6),(3,7),(6,10),(3,4),(11,12),(4,8)

¢2]

|E7| =10



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9

Q. (2) 3 ©

5 6 8 11
N7 o5 6 4

® ) O, (8)

4 9 6 1
N3 10—b_17_ 10 45C
© (19 Q) (15 Car

N

L=(3,7),(6,10),(3,4),(11,12),(4,8)
|Er| =10
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Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9

Q. (2) 3 ©

5 6 8 11
N7 o5 6 4
® ) O, (8)

4 9 6 1
N3 10—b_17_ 10 45C
© (19 Q) (15 Car

L=(6,10),(3,4),(11,12),(4,8)

|E7| =10



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 55 M~ 9

Q. (2) 3 ©

5 6 8 11
N7 o5 6 4

® ) O, (8)

4 9 6 1
N3 10—b_17_ 10 45C
© (19 Q) (15 Car

L=(3,4),(11,12),(4,8)

|E7| =10



Kruskal’s Algorithm

Example of Kruskal’s Algorithm

Jo
2 /o5 /M~ 9

Q) (2) (3) @

5 6 8 11
N (e —2 6
® (&) () (®

4 9 6 1
N3 10—b_17_ 10 45C
© (19 () (13 Car

L=(11,12),(4,8)

|ET| = 11



Kruskal’s Algorithm

Complexity of Kruskal’s Algorithm

Sorting of arcs takes at least O(|A|log |A|) (standard fact)
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Kruskal’s Algorithm

Complexity of Kruskal’s Algorithm

Sorting of arcs takes at least O(|A|log |A|) (standard fact)
A real implementation would maintain a list of connected
components of Er.

Checking for cycles then takes O(|N|) work.

We need at most |A| iterations.
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Kruskal’s Algorithm

Complexity of Kruskal’s Algorithm

Sorting of arcs takes at least O(|A|log |A|) (standard fact)

A real implementation would maintain a list of connected
components of Er.

Checking for cycles then takes O(|N|) work.

We need at most |A| iterations.

Overall, the algorithm is then O(|A|log |A| + |A||N|) = O(|A||N]).
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Kruskal’s Algorithm

Complexity of Kruskal’s Algorithm

Sorting of arcs takes at least O(|A|log |A|) (standard fact)

A real implementation would maintain a list of connected
components of Er.

Checking for cycles then takes O(|N|) work.

We need at most |A| iterations.

Overall, the algorithm is then O(|A|log |A| + |A||N|) = O(|A||N]).

This can be improved to O(|A| + |[N|log|N|) using clever data
structures and by only sorting |N|-1 arcs initially.
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Prim’s Algorithm

Outline

e Prim’s Algorithm
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Prim’s Algorithm

The Basic Idea

Start with a tree with one node.
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Prim’s Algorithm

The Basic Idea

Start with a tree with one node.

Add the shortest edge which connects a node in our tree to a
node not in our tree.

Minimum Spanning Tree Case Study



Prim’s Algorithm

The Basic Idea

Start with a tree with one node.

Add the shortest edge which connects a node in our tree to a
node not in our tree.

Continue to add edges until you have a spanning tree.
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Prim’s Algorithm

A bit more formally

let §(7) be the set of nodes which are connected to / by an arc
let s = an arbitrary starting node

let T =N\ {s}

let ET =0

letd(s)=0, d(j)=o0 VjeT
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Prim’s Algorithm

A Bit More Formally

while |[E7| < |N| — 1 and min{d(j)|j € T} < inf do
pick i € T s.t. d(i) = min{d(j)|j € T}
Er = Er U{(k(i), )} ifi#s
for j € (i) do
if d(j) > Cij then

d(j) := cij
k(j) =i
end if
end for
end while
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo
2 5 9
F——~F—(——O
5 6 8 11
7T (2 (8
€ Ny > €
4 9 6 1
() o ) 6 o 10 2 Car

|Er| =0
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Prim’s Algorithm

Example of Prim’s Algorithm
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|Er| =0
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo
2 /~ 5
> N
5 6 8 11
7 (-2 814
(29 9 (9 &)
4 9 6 1
10 O

|ET| =1
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo
2 7~ 5
) )
5 6 8 11
7 (2 (&8 1
€ (29 G Q)
4 9 6 1
10 O

|ET| =1
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo
2 5
——4
5 6 8 11
7 (2 (&8 1
(29 9 8 &)
4 9 6 1
10 O

|Er|=2
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo

2)

5 6 8 11
7 )2 (88 1

(29 &) 8 &)

4 9 6 1

10 O

|Er|=2
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Prim’s Algorithm

Example of Prim’s Algorithm

Jo

5 6 8 11
7 )2 (88 1

(29 &) 8 &)

4 9 6 1

10 O

|Er| =3
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Prim’s Algorithm

Example of Prim’s Algorithm

5 6 8 11
7 (B2 (86 4

® &) (8 &)
4 9 6 1

|Er| =3
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Prim’s Algorithm

Example of Prim’s Algorithm

5 6 8 11
7 )2 (8 8 1

L &) 8 &)

4 9 6 1

|Er[=4
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Prim’s Algorithm

Example of Prim’s Algorithm

5 6 8 11
7 )2 (8 8 1

L &) 8 &)

4 9 6 1

|Er[=4
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Prim’s Algorithm

Example of Prim’s Algorithm
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Prim’s Algorithm

Example of Prim’s Algorithm

|ET| =5
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Prim’s Algorithm

Example of Prim’s Algorithm
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|ET| =6
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Prim’s Algorithm

Example of Prim’s Algorithm

SQ 6/6\ 10>\ Car

|ET| =6
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Example of Prim’s Algorithm

60 2@ 5

5 6 8 11

o0 ° 0 0

4 9 6 1

Q SQ 6@ 10FOOCar

|Er|=7
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Example of Prim’s Algorithm

60 2@ 5

5 6 8 11

o9 ° 05 0

4 9 6 1

Q SQ 6@ 10FOOCar

|Er|=7
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Example of Prim’s Algorithm

oo

5 6 8 11

® 7@ @)

4 6 1

O SQ 6@ 10 ) Car

|ET| =
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Example of Prim’s Algorithm

Jo
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|ET| =
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Example of Prim’s Algorithm

Jo
" ——0—-—0—9
5 6 8 11
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6

4 9 1

Q SQ 6@ 10FOOCar

|ET| =9
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Example of Prim’s Algorithm

Jo
" ——0—-—0—9
5 6 8 11
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4 9 1

Q SQ 6@ 1045 Car

|ET| =9
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Example of Prim’s Algorithm

Jo
" ——0—-—0—9
5 6 8 11

o 0—0—9
6 1

4 9

Q SQ 6@ 1045 Car

|Er| = 10
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Example of Prim’s Algorithm

Jo
" ——0—-—0—9
5 6 8 11

o 0—0—9
6 1

4 9

Q SQ 6@ 10 4 Car

|Er| = 10
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Example of Prim’s Algorithm

6020 9

5 6 8 11
o 0—-—0—9
4 9 6 1

|ET| =11
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Prim’s Algorithm

Complexity of Prim’s Algorithm

Finding i takes at most |[N| + [N| — 1+ ...+ 1 = O(|N|?)
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Prim’s Algorithm

Complexity of Prim’s Algorithm

Finding i takes at most |[N| + [N| — 1+ ...+ 1 = O(|N|?)
Updating d(j) takes at most Z',ﬂ [0(7)] = O(|A])
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Prim’s Algorithm

Complexity of Prim’s Algorithm

Finding i takes at most |[N| + [N| — 1+ ...+ 1 = O(|N|?)
Updating d(j) takes at most Z',ﬂ [0(7)] = O(|A])
Al = O(IN|?)
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Prim’s Algorithm

Complexity of Prim’s Algorithm

Finding i takes at most |[N| + [N| — 1+ ...+ 1 = O(|N|?)
Updating d(j) takes at most Z',ﬂ [0(7)] = O(|A])

Al = O(IN|?)

Complexity = O(|N|?)
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Prim’s Algorithm

Complexity of Prim’s Algorithm

Finding i takes at most |[N| + [N| — 1+ ...+ 1 = O(|N|?)
Updating d(j) takes at most Z',ﬂ [0(7)] = O(|A])

Al = O(INI?)

Complexity = O(|N|?)

Again, certain data structures such as heaps can improve on
this complexity.
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