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» Theory of Complexity (the difficulty of a
problem)

— Encoding scheme
— Theory of NP-hardness

« Some Machine Scheduling Problems
— Notations (data, environment, objectives)
— Single Machine Models
— Parallel Machine Models
— Flow Shop
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Complexity

A problem

A generic description of the problem, e.g. an LP, a
scheduling problem, a facility location problem...

An instance
A problem with given set of numerical data

Size
Length of data string necessary to specify the
Instance.

Also called the “length of encoding”.
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Complexity

Encoding scheme

e.g. two parallel machine scheduling problem with 5 jobs;
encoding convention used: #machines, #jobs, processing
times of all jobs

Decimal:
2523,5,5,8 (Size: 7)

Binary:
10,101,10,11,101,101,1000 (Size: 19)

Unary:
11,11111,11,111, 11111, 11111, 11111111 (Size: 30)
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Complexity

Efficiency

Maximum (worst-case) number of computational steps needed
to obtain an optimal solution as a function of the size of the
iInstance.

Computational step
Based on a standard Turing machine — a state machine.

Loosely speaking, this is the maximum number of iterations
the algorithm has to go through, as a function of the size of
the instance, e.g. the number of jobs.

E.g. if max. # iterations for an algorithm is 1500 + 100n2 + 5n3,
then this is a O(n3) algorithm — this is a polynomial
algorithm.
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Complexity

If the maximum number of iterations for an
algorithm is O(nk) for k > 0,
then this is a polynomial-time algorithm.

If the maximum number of iterations for an
algorithm is O(k") for k > 1,

then this is a exponential-time algorithm.
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Complexity

Some of the easiest

. 2014 (25|12 |13 | 5
scheduling problems — ~_
can be solved through 20 | 14 | 25 2113 ] &
simple priority rule, I.e. = 7
by sorting jobs. 20 14 | 25 12 13| 5
4 N Y Y
_ . 20 14 25 12 13 3}
A simple sorting / \ ~
algorithm: Mergesort 20| 14|25 2 5 | 13
— Run time of mergesort / e
for list of size nis 14 | 20 | 25 5 12|13
— It can be shown that
T(n) is O(n |Og n)_ 5 [ 12|13 (14|20 | 25
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Complexity

Decision problems

These are yes-no problems.
Answer to the question raised is either a yes or a no.

Optimization problems
With every optimization problems, one can associate a decision problem.

e.g. for a minimisation problem, in the associated decision problem the
question is raised whether there exists a solution with objective value

less than a given value z.

Problem reduction
A problem Q reduces to problem R if for any instance of Q, an equivalent
instance of R can be constructed.

More strictly, a problem Q polynomially reduces to problem R if a
polynomial-time algorithm for R implies a polynomial-time algorithm for

Q.
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Complexity — Problem classes

Class P

The class P contains all decision problems
for which there exists a polynomial-time
Turing machine algorithm that leads to
the right yes-no answer.

— this is based on the time it takes a Turing NP
machine to solve a decision problem.

The class NP contains all decision
problems for which the correct answer,
given a proper clue, can be verified by a
Turing machine in polynomial-time.

We do not know if polynomial-time
algorithm exists for this class.

Class NP (Nondeterministic Polynomial) @
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Complexity — Problem classes

NP-complete

A decision problem Q is called NP-complete if the
en’ge class of NP problems polynomially reduces
to Q.

NP-Hard
NP-hard

A problem Q, either a decision problem or an
optimisation problem, is called NP-hard if the entire
class of NP problems polynomially reduces to Q. NP-

complete

NP-hard in the ordinary sense or NP-hard
A class of problems that can be solved in polynomial-
time under unary encoding, but not binary
encoding.

Algorithms for this class of problems are called
pseudo-polynomial algorithms.

NP

Strongly NP-hard

There may not exist polynomial-time algorithms under
either unary or binary encoding for this class of
problems.
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Machine Scheduling

...Is the allocation of resources to tasks
over given time periods and its goal is
to optimize one or more objectives.
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Machine Scheduling

Problem notation: By

o - environment:

single machine (1), identical parallel machines (Pm), parallel machines
with different speeds (Qm), unrelated machines in parallel (Rm), flow
shop (Fm), flexible flow shop (FFc), job shop (Jm), flexible flow shop
(FJc), open shop (Om)

B — processing restrictions and constraints:

release dates (r), preemption (prmp), precedence constraints (prec),
sequence dependent setup times (s,), job families (fmls) etc.

vy — objective function:

makespan (C,,.,), maximum lateness (L,,), total weighted completion
time or total weighted flowtime (Xw,C)) etc.
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1] [2C;

Given n non-preemptable jobs with processing time p; for job J.

We want to minimise ZjCj, I.e. minimise the total flowtime.

The Shortest Processing Time first (SPT) rule is optimal.
Schedule job with shortest processing time first.
This rule only requires sorting of jobs in the list in non-decreasing order — O(n log n).

Proof by contradiction.
Given a schedule S which not in SPT order, and it is optimal.
There must be two adjacent jobs, say job j followed by job k, with p; > p,.

Perform adjacent pairwise interchange on jobs jand k — all other jobs remain in their original position. Call
this schedule S'.

Total flowtime for S'is strictly smaller than S — a contradiction.

...... j Kk pj>pk

=TF, +(t+ p )+ e+ p + p, )+ TF,,
<TF<j+(t+pj)+(t+pj +pk)+TF>k =TF since p, <p,
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1] \ijCj

For problem minimisin? total weighted completion times, the Weighted Shortest
rlocessing Time first (WSPT) rule is optimal — this is a generalisation of the SPT
rule.

Jobs are ordered in non-decreasing order of p,/w; — this is often known as Smith’s rule.

p.
------ j e
W
A
TWF =TWF_ +(t+p Jw, +(t+p, + p, v, +TWF,,
...... k J
[ TWF

=TWF_, +(t + p, )w, +(t+ p, +pj)wj +TWF,,
=TWF_, +tw, +tw, + pw, + pw, + p,w, +TWF,
< TWF<J. +iw, +tw, + pw, + pw, + pw; +TWF,,, since pw; < p;w,
=TWF<J. +(t+pj)wj +(t+pk +pj)wk +TWF,, =TWF
WSPT (and SPT) belongs to a class of List Scheduling Rules.
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1 |rj\ZCj

We are given n non-preemptable jobs with
processing times and release dates.

Release dates: job j can only start on and after it is
released at time r;.

1|r|ZG, is strongly NP-hara!!

But 1| r,prmp |XG, is easy.

Optimal algorithm is an extension of Smith’s rule.
(Baker, 1974)

...But 1| r,prmp [Zw,G, is strongly NP-hard.
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1] L max

Given n non-preemptable jobs with due dates, we want to minimise maximum
lateness.

The Earliest Due Date first (EDD) is optimal. EDD is an O(n log n) algorithm that
yields a schedule that orders the job in non-decreasing order of their due dates.

C. C
i k L =C.—d.
...... j k dj>dk J J J
L, =C,—d,
L=C—-d, Vi#jk
o C =,
...... K J
t / /
L =C,—-d,<C,—d, =
L'=C,-d,=C, - d<C —d, =L, sinced, >d,
L'=C/-d =C,—-d,, Vi#jk

_ (L L, ,max{L, }) > maX(L L, IIlaX{L })

i#],k
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1] L max

But 1| r; Lo Is strongly NP-hard.

Reduction of 3-PARTITION problem to 1| dj,r; |L .

The 3-PARTITION problem:
Give positive integers a;,...,as,b with
b/4 < a; < b/2forj=1,...,3t,
and
Xa =1b
does there exist t pairwise disjoint three element subsets S, c {1,...,3t}
such that

_SjESi i = b
fori=1,...,17?
Refer to

But 1| r,prmp |L,,, can be solved to optimality using EDD.

Preemption: jobs can be stopped and started again from where it last
stopped.
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Pm| |C, .,

Given n non-preemptable jobs, and m parallel
machines, minimising maximum completion time
(makespan), i.e. minimise C,,, = max(C,).

Pm| |C, .., is strongly NP-hard.

max

P2| |C,,.x is NP-hard in the ordinary sense.

 can be solved in pseudo-polynomial time via a dynamic programming
algorithm.

What is the performance of List Scheduling Rules
Pm||C,..?

max *
— list scheduling: assign the next job on top of the list to the
next available machine
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Pm| |C, .,

Let C* ., be the optimal solution to Pm| |C

max*

(Graham'’s, 1966) List scheduling (arbitrary list), O(n log m):

+ 1

Cp (LS)/ Cppp <2——

Proof: m

Let p, be the processing time of the last job in a list schedule, and note that no machine
can be idle before time t = C,(LS) — p,. Also, we know that

max(

Therefore, T T
C._ (LS)=t+p, g .
Slij+pl [ Cmax( S)
m 7 LY_/
1 1 m—1 P
=— +p,—p, |+p =— S
a(Zeer pJ S
m—1 : " 1 " | |
<C +——C., since C, Z—ij, C.x 2D
m m =

-t
m
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Pm| |C, .,

Longest processing time order (LPT) [Graham,
1969], O(n log n + n log m):

4 1

3 3m

Multifit (MF,) [Coffman, Garey and Johnson,
1978], O(nlog n + kn log m) :

binary seach and bin-packing using first-fit-
decreasing algorithm

C_(MF)/C. <122+27*

Cmax (LPT )/ C:;laX S
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P2531 |Sj!pj‘cmax

S) P,

Machine 2 2rdJob P ...
Machine 1 3 Job

s, P, 1S, P

; » time
T, C
A Gantt Chart representation of a
schedule
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P2531 |Sj!pj‘cmax

P2, 51fs; =1[3_; G Polynomial Solvable
Hall et al.[HPSOO]
P2,51|s; = 1| Cimax Binary NP-hard

Brucker et al.[BDFK*02]
P2,S1|si = s.pi < sj + pj|Cmax  Binary NP-hard
Abdekhodaee, Wirth & Gan[AWG04]

P2,51|s;i = s|Cpnax Unary NP-hard
Hall et al.[HPSOO]
P2, 51]|s;| Crax Unary NP-hard
Abdekhodaee and Wirth[AWQ2]
P.S1|si = 1| Crmax Unary NP-hard
Brucker et al.[BDFK*02]
P2.51|p; = p| Cmax Binary NP-hard
Brucker et al.[BDFK*02]
P2.51|pi < sj|Cmax Polynomial Solvable

Abdekhodaee and Wirth[AW02]

P2,51|s;j + pj = a|Cmax  Polynomial Solvable
Abdekhodaee and Wirth[AW02]
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P2,51|p;ss:|Ci .y

Job with smallest processing time scheduled last
is optimal, O(n).
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P2,51] S;+P;=4a |C max
The Spiral algorithm is optimal, O(n log n)

Even number of jobs

Sty D3 D2 K~k
ST 8 Sgir\\éhe////ék+ 2%K-1 Sox

]
e
I
B
Odd number of jobs

SuShr SO ST~k 1

SERNGY) Sk k1 Sk Sok Sok+1
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F2| |C,, .,

There are n jobs to be scheduled on 2 machines. Each
job J; consists of a chain of two operations, (O,;,0;,)
where Q; is to be processed on machine j.
Operation O,, must not start before the completion of
operation O,.

Johnson’s algorithm (1954) is optimal (O(n log n)):

1. Categorise the njobs into two sets X and Y. Set X
contains jobs for which p,, <= p;, and Set Y contains jobs
for which p;; > pi..

2. Sequence jobs in Set X in order of non-decreasing
processing times of operations on machine 1.

3. Sequence jobs in Set Y in order of non-increasing
processing times of operations on machine 2.
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Machine scheduling models

 Stochastic scheduling
— expected value

* Robust scheduling
— Typically hedge against worst-case scenario
— Robust initial schedule

— Rescheduling
« stability
* sSpeed
* optimality
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