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Vehicle RoutingVehicle Routing
Which clients served by same Which clients served by same 

vehicle?vehicle?

What order does a vehicle visit What order does a vehicle visit 
its clients in?its clients in?

Fleet of vehicles located at Fleet of vehicles located at 
central depot.central depot.

Set of graphically dispersed Set of graphically dispersed 
customers.customers.

Customers required delivery of Customers required delivery of 
product.product.

Vehicles have fixed capacity.Vehicles have fixed capacity.

Depot
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Vehicle RoutingVehicle Routing
Determine vehicle routes Determine vehicle routes 

to minimize travel to minimize travel 
costs, perhaps costs, perhaps 
represented as travel represented as travel 
time.time.

Additional info:Additional info:
–– multiple depotsmultiple depots
–– time windowstime windows
–– pickpick--up and deliveryup and delivery
–– different vehicle different vehicle 

capacitiescapacities
–– fleet planningfleet planning
–– fleet locationfleet location
–– vehicle availabilityvehicle availability

Depot
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1 Vehicle 1 Vehicle ºººººººº Travelling Salesperson ProblemTravelling Salesperson Problem

What order should salesperson visit customers in What order should salesperson visit customers in 
so as to minimise travel costs?so as to minimise travel costs?

Depot
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Travelling Salesperson Problem (TSP)Travelling Salesperson Problem (TSP)

LetLet
xxijij = 1, if visit customer = 1, if visit customer jj immediately after customer immediately after customer ii; 0, otherwise.; 0, otherwise.

for customer ifor customer i = = 1,1,……,n,,n, j = 1,j = 1,……,n,,n, ii¹¹ jj

Cost of direct travel from i to j = Cost of direct travel from i to j = ccijij
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TSPTSP

Need to visit every customer:Need to visit every customer:

SSii xxijij = 1,= 1, j = 1,j = 1,……,n,n

Also need to depart from every customer:Also need to depart from every customer:

SSjj xxijij = 1,= 1, i = 1,i = 1,……,n,n
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TSPTSP

First Draft TSP Model:First Draft TSP Model:
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First Draft TSPFirst Draft TSP

Is first draft TSP inadequate?Is first draft TSP inadequate?

XpressXpressMPMP DemonstrationDemonstration
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TSP TSP –– First Draft Adequate?First Draft Adequate?

First draft TSP allows First draft TSP allows subtourssubtours!!!!

How can we eliminate How can we eliminate subtourssubtours??
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SubtourSubtour EliminationElimination

1.1. Introduce a constraint for each subset of the cities, Introduce a constraint for each subset of the cities, 
which forces the tour to leave the subset.which forces the tour to leave the subset.

–– LPLP--relaxation value relatively close to IP optimal valuerelaxation value relatively close to IP optimal value

–– A very large number of constraints, therefore specialised A very large number of constraints, therefore specialised 
techniques needed.techniques needed.

2.2. Introduce artificial Introduce artificial ““travel timetravel time”” variables, can also variables, can also 
be thought of as be thought of as ““city countcity count”” variables: variables: increaseincrease
around tour thereby eliminating cycles.around tour thereby eliminating cycles.

–– Only a small number of extra variables and constraints Only a small number of extra variables and constraints 
needed, and sometimes travel time is needed anyway.needed, and sometimes travel time is needed anyway.

–– LP value far from IP optimal.LP value far from IP optimal.



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 11

SubtourSubtour Elimination ConstraintsElimination Constraints

Let S Let S ÌÌ {1,{1,……,n} be a subset of the customers, ,n} be a subset of the customers, 
and Sand S¹Æ¹Æ..

The tour of all customers must use some The tour of all customers must use some xxijij = 1 = 1 
with with iiÎÎ SS and and jjÏÏ SS, i.e., i.e.

S S
1³� �

Î ÎSi Sj
ijx
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SubtourSubtour Elimination ConstraintsElimination Constraints

This is a valid constraint for any This is a valid constraint for any proper subsetproper subset S S 
of customers.of customers.

How many constraints like this are there?How many constraints like this are there?
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TSP Model with TSP Model with SubtourSubtour Elimination ConstraintsElimination Constraints

CanCan’’t add all of the t add all of the subtoursubtour elimination constraints since elimination constraints since 
there are too many.there are too many.
Only add the ones you need. (onOnly add the ones you need. (on--thethe--fly)fly)
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DataData
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TSP Model with TSP Model with SubtourSubtour Elimination ConstraintsElimination Constraints

Solve TSP with no Solve TSP with no subtoursubtour elimination constraints:elimination constraints:
Objective value = 2,220Objective value = 2,220
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TSP Model with TSP Model with SubtourSubtour Elimination ConstraintsElimination Constraints

Solve with one Solve with one subtoursubtour elimination constraint:elimination constraint:
Objective = 2,335Objective = 2,335
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TSP Model with TSP Model with SubtourSubtour Elimination ConstraintsElimination Constraints

Solve with two Solve with two subtoursubtour elimination constraints:elimination constraints:
Objective = 2,575Objective = 2,575
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Solving an LP by Adding Constraints Solving an LP by Adding Constraints ““ OnOn--thethe --FlyFly ””

Consider the LP:Consider the LP:

with two classes of constraints, where mwith two classes of constraints, where m22 is large, is large, 

[A[A22 bb22] an m] an m22 x (n+1) matrix.x (n+1) matrix.

E.g. [AE.g. [A22 bb22] are coefficients of ] are coefficients of subtoursubtour elimination elimination 
constraints in TSP.constraints in TSP.
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Solving an LP by Adding Constraints Solving an LP by Adding Constraints ““ OnOn--thethe --FlyFly ””

Given some m x n matrix [A b] with first mGiven some m x n matrix [A b] with first m11 rows rows 
being [Abeing [A11 bb11] and other rows being rows of [A] and other rows being rows of [A22

bb22], define], define

Clearly if xClearly if x* * solves (Psolves (P**)) and Aand A22xx** �� bb22 then then thenthen xx**

solves (P)solves (P)
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A Cutting Plane Algorithm for Solving (P)A Cutting Plane Algorithm for Solving (P)

1.1. A <A <-- AA11

b <b <-- bb11

2.2. Solve (PSolve (P**) to get optimal solution x) to get optimal solution x**

3.3. Does a constraint for (P) that is violated by xDoes a constraint for (P) that is violated by x* * 

exists?, i.e. does [exists?, i.e. does [aa bb] a row of [A] a row of [A22 bb22] such that ] such that aaxx**

< < bb??

4.4. If YES, append [If YES, append [aa bb] to [A b]. Go to Step 2.] to [A b]. Go to Step 2.
If NO, stop, xIf NO, stop, x** is optimal solution to (P).is optimal solution to (P).

We answer the question in Step 3 by solving the We answer the question in Step 3 by solving the 
SEPARATION PROBLEM.SEPARATION PROBLEM.



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 21

The Separation ProblemThe Separation Problem
Given a class of constraints AGiven a class of constraints A22x x �� bb22 and a point xand a point x**ÎÎ RRnn, does there exist a , does there exist a 

constraint chosen from the class [Aconstraint chosen from the class [A22 bb22] ] separatingseparating xx* * from the feasible set from the feasible set 
{{xxÎÎ RRnn: A: A22x x �� bb22}?}?

If so, what is it?If so, what is it?

A constraint A constraint aaxx �� bb from the class, with [from the class, with [a a bb] a row of [A] a row of [A22 bb22] is ] is separatingseparating for xfor x**

iffiff xx** violates the constraint, i.e. violates the constraint, i.e. iffiff aaxx** < < bb..

{ }22: bxARx n ³Î *x

ba ³x



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 22

The Separation ProblemThe Separation Problem

TSPTSP::

Given xGiven x** satisfying satisfying ““inin”” and and ““outout”” constraints, constraints, 
AA11xx**=1, does there exist set S, where S=1, does there exist set S, where SÌÌ N and N and 

SS¹Æ¹Æ, with , with SSiiÎÎ SSSSiiÎÎ NN\\SSxxijij < 1? If so, find S.< 1? If so, find S.
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The Separation ProblemThe Separation Problem

Solving the Separation Problem for the TSP can be Solving the Separation Problem for the TSP can be 
done by solving network flow problems where the done by solving network flow problems where the 
capacity of each arc in the network (capacity of each arc in the network (i,ji,j) is given by x) is given by x**

ijij, , 
i.e. solving this problem is relatively EASY.i.e. solving this problem is relatively EASY.

NOTE:NOTE:

In general, if solving the separation problem for the large In general, if solving the separation problem for the large 
class of constraints is class of constraints is ““easyeasy””, then solving the LP will , then solving the LP will 
be be ““easyeasy”” too, i.e. if the separation problem is a too, i.e. if the separation problem is a 
polynomial time problem, then the LP can be solved in polynomial time problem, then the LP can be solved in 
polynomial time too.polynomial time too.
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Another Another SubtourSubtour Elimination ConstraintElimination Constraint

16226 == xx

14334 == xx

1517517 === xxx

2

:

517517 £++ xxx

Cut

1

:

4334 £+ xx

Cut

1

:

6226 £+ xx

Cut
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Another Another SubtourSubtour Elimination ConstraintElimination Constraint

Let S be a nonLet S be a non--empty proper subset of {1,empty proper subset of {1,……,n}.,n}.

We can define constraints to ensure We can define constraints to ensure subtoursubtour is is 
not created for nodes in S:not created for nodes in S:

Again, there are too many of these constraints!!Again, there are too many of these constraints!!

22,1 -££-£� �
Î Î

nSSx
Si Sj

ij
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Another Another SubtourSubtour Elimination ConstraintElimination Constraint
Again, solve TSP with no Again, solve TSP with no subtoursubtour elimination constraints:elimination constraints:
Objective value = 2,220Objective value = 2,220
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Another Another SubtourSubtour Elimination ConstraintElimination Constraint
Again, solve TSP with no Again, solve TSP with no subtoursubtour elimination constraints:elimination constraints:
Objective value = 2,335Objective value = 2,335
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:constraint Add
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Another Another SubtourSubtour Elimination ConstraintElimination Constraint
Again, solve TSP with no Again, solve TSP with no subtoursubtour elimination constraints:elimination constraints:
Objective value = 2,575Objective value = 2,575
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Customers with Time Windows in TSPCustomers with Time Windows in TSP
Customer Customer ii must be visited no earlier than time must be visited no earlier than time llii and no and no 

later than time later than time uuii �� llii �� 0.0.

Time window for customer Time window for customer ii:: [[llii, , uuii]]
Travel time from customer Travel time from customer ii to to jj:: tt ijij

New variables:New variables:
ttii = time customer = time customer ii visited, i = 1,visited, i = 1,……,n,n

RequireRequire
llii �� ttii �� uuii, , i = 1,i = 1,……,n,n

AlsoAlso
if if xxijij = 1 then = 1 then ttjj �� ttii + + tt ijij

(Assume can wait for start of time window if arrive early.)(Assume can wait for start of time window if arrive early.)
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Customers with Time Windows in TSPCustomers with Time Windows in TSP

Linear model:Linear model:
ttjj �� ttii + + tt ijij –– M(1 M(1 -- xxijij))

If If xxijij = 1= 1
ttjj �� ttii + + tt ijij

If If xxijij = 0= 0
ttjj �� ttii + + tt ijij –– MM
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Customers with Time Windows in TSPCustomers with Time Windows in TSP

IP Model (First draft)IP Model (First draft)
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Customers with Time Windows in TSPCustomers with Time Windows in TSP
Any problem?Any problem?
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Customers with Time Windows in TSPCustomers with Time Windows in TSP
Must have designated start node!!Must have designated start node!!
So, let customer 1 be designated start customer. So, let customer 1 be designated start customer. 

(If not given, could try each customer in turn)(If not given, could try each customer in turn)
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Customers with Time Windows in TSPCustomers with Time Windows in TSP

Can any feasible point for this model include a Can any feasible point for this model include a subtoursubtour??
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SubtourSubtour Elimination with Elimination with AuxilliaryAuxilliary VariablesVariables
Given TSP,Given TSP,

–– designate customer 1 to be startdesignate customer 1 to be start
–– set set llii = 0, = 0, uuii = n = n –– 1, for i = 1,1, for i = 1,……,n,n
–– set set tt ijij = 1 for all = 1 for all i,ji,j

and apply model for customers with Time Windowsand apply model for customers with Time Windows
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SubtourSubtour Elimination with Elimination with AuxilliaryAuxilliary VariablesVariables
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Vehicle Routing ModelVehicle Routing Model
LetLet

xxijij = 1, if a vehicle visits customer j immediately after customer = 1, if a vehicle visits customer j immediately after customer i; 0, i; 0, 
otherwise.otherwise.

for all for all i,ji,j = 0,1,= 0,1,……,n, ,n, ii¹¹ jj..

Depot = customer 0Depot = customer 0
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Vehicle Routing ModelVehicle Routing Model

{ }

{ } jinjnix

SnSx

x

nix

njx

ts

xc

ij

Si Sj
ij

n

j
j

n

ijj
ij

n

jii
ij

n

i

n

ijj
ijij

¹==Î

¹Í"³

£

==

==

� �

�

�

�

� �

Î Î

=

¹=

¹=

= ¹=

,,,0,,,0,1,0

,,,1,1

fleetin   vehiclesofnumber  

,,1,1

,,1,1

..

min

1
0

,1

,1

0 ,0

��

�

�

�

f



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 39

Capacitated Vehicle Routing ModelCapacitated Vehicle Routing Model
Let Let 

ddii = demand of customer = demand of customer ii (no splitting)(no splitting)
C = vehiclesC = vehicles’’ capacitycapacity
xxijkijk = 1, vehicle = 1, vehicle kk visits customer visits customer i i and then customer and then customer jj; 0, otherwise; 0, otherwise

for all for all i,ji,j, = 0,1,, = 0,1,……,n,,n, ii¹¹ jj,, k = 1,k = 1,……,N = # of vehicles,N = # of vehicles

0

1 2

3

4

5

6

7

8

3

2

2

1 3

5

6

4



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 40

Capacitated Vehicle Routing Model (CCapacitated Vehicle Routing Model (C --VRP)VRP)
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CC--VRP: Column GenerationVRP: Column Generation

What is a column?What is a column?

zzrr = 1, if route = 1, if route rr is used; 0, otherwiseis used; 0, otherwise

What does a route mean?What does a route mean?
–– a set of customers visiteda set of customers visited
–– must obey capacity limitmust obey capacity limit

Column generation problems:Column generation problems:
–– Master: choose which route to use to minimise costMaster: choose which route to use to minimise cost
–– SubproblemSubproblem: generate a feasible route: generate a feasible route
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CC--VRP: Column GenerationVRP: Column Generation

Master problem:Master problem:

Reduced cost of Reduced cost of xxrr::
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CC--VRP: Column GenerationVRP: Column Generation
Pricing Pricing subproblemsubproblem::

To find the column with most negative reduced cost.To find the column with most negative reduced cost.

Define variable:Define variable:
xxijij = 1, if customer i visited before customer = 1, if customer i visited before customer jj; 0, otherwise; 0, otherwise

( ) ba +-= �
Î ri

irr CzCR.( )

{ }

{ } njnix

Cxd

SnSx

njxx

ts

xc

ij

n

i
ijj

Si Sj
ij

n

jii
ji

n

jii
ij

n

i

n

ijj
ijiij

,,1,,,1,1,0

,,,1,1

,,1,1

..

min

1

,1,1

1 ,1

��

�

�

==Î

£

¹Ì"³

===

-

�

� �

��

� �

=

Î Î

¹=¹=

= ¹=

f

a

pricedcurrently column   *

1 ,1
*

=

= � �
= ¹=

r

xcC
n

i

n

ijj
ijijr

( ) 0

:ifcolumn  Add

1 ,1

<+-� �
= ¹=

ba
n

i

n

ijj
ijiij xc



620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne) 44

CC--VRP: Column GenerationVRP: Column Generation
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