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\ehicle Routing

Which clients served by same
vehicle?

What order does a vehicle visit
Its clients In?

Fleet of vehicles located at
central depot.

Set of graphically dispersed
customers.

Customers required delivery of
product.

Vehicles have fixed capacity.
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\ehicle Roeuting

Determine vehicle routes
to minimize travel
costs, perhaps
represented as travel
time.

Additional info:
— multiple depots
— time windows
— pick-up and delivery
— different vehicle
capacities
— fleet planning
— fleet location
— vehicle availability
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1 Vehicle ® Travelling Salespersen Problem

What order should salesperson visit customers In
S0 as to minimise travel costs?
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Trravelling Salesperson Problem (TSP)

Let
X; = 1, if visit customer | immediately after customer i; 0, otherwise.

for customeri=1,...,n, j=1,....n 1]

Cost of direct travel from 110 ] = ¢;

n n
min Ci X;
=1 j=1,j1i
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TSP

Need to visit every customer:

S x; =1, j=1,....n

Also need to depart from every customer:
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TSP
First Draft TSP Model:

n n
min Ci %
i=1 j=1,jti

St.

n

X, =1 j=1 ,n

=1t j

n
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Eirst Draft TSP

Is first draft TSP inadequate?

XpressMP Demonstration
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TSP Flrst Draft Adequate’?

First draft TSP allows subtourst!!
How can we eliminate subtours?
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Subtour Elimination

1. Introduce a constraint for each subset of the cities,
which forces the tour to leave the subset.
— LP-relaxation value relatively close to IP optimal value

— A very large number of constraints, therefore specialised
technigues needed.

2. Introduce artificial “travel time” variables, can also
be thought of as “city count” variables: increase
around tour thereby eliminating cycles.

— Only a small number of extra variables and constraints
needed, and sometimes travel time Iis needed anyway.

— LP value far from IP optimal.
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Subtour Elimimation Constraints

Let S1 {1,...,n} be a subset of the customers,
and S'A.

The tour of all customers must use some X = =1
with il Sandjl S, i.e.

J
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Subtour Elimimation Constraints

% 21

ilST S

This Is a valid constraint for any proper subset S
of customers.

How many constraints like this are there?

n n n i
+ + + » 2

2 3 n- 2
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'SP Model withr Subtour Elimination Constraints

min Ci %
i=1 j=1,j1]
Sl.
X =1 j=1 ,n
=101 |
=1 1=1 ,n

21 "SI L 4,507
TSy s
XijT {O,I}, =1 ,n, J=1 ,n
Can’'t add all of the subtour elimination constraints since
there are too many.

Only add the ones you need. (on-the-fly)
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Distances 1 2 3 4 5 6 7
1 0 786 549 657 331 559 250
2 786 0 668 979 593 224 905
3 549 668 0 316 607 472 467
4 657 979 316 0 890 769 400
5 331 593 607 890 0 386 559
6 559 224 472 769 386 0 681
7 250 905 467 400 559 681 0
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'SP Model withr Subtour Elimination Constraints

Solve TSP with no subtour elimination constraints:
Objective value = 2,220

Add constraint
X; 3 1

s s
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'SP Model withr Subtour Elimination Constraints

Solve with one subtour elimination constraint:
Objective = 2,335

Add constraint
X; 31

IS, 1 S,
where

S, ={17
S, =S\S,
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'SP Model withr Subtour Elimination Constraints

Solve with two subtour elimination constraints:
Objective = 2,575
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Solving an LP by Adding Coenstraints  “ On-the-Ely*

Consider the LP: min cX
St.

(P) A1X3 bl

A*x 3 b’

with two classes of constraints, where m, Is large,
[A% b?] an m, x (n+1) matrix.

E.g. [A2 b?] are coefficients of subtour elimination
constraints in TSP.
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Solving an LP by Adding Coenstraints  “ On-the-Ely*

Given some m x n matrix [A b] with first m, rows
being [A! bl] and other rows being rows of [A?
b?], define

min CX
(P*) St.
Ax3 b

Clearly if X" solves (P) and A°X™ b? then then X
solves (P)
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A Cutting| Plane’ Algenthm for Selving (P)

1. A<-Al
b <-b?

2. Solve (PY) to get optimal solution x*

3. Does a constraint for (P) that is violated by x

exti)sts?, l.e. does [a b] a row of [AZ b?] such that ax®
< b?

4. If YES, append [a b] to [A b]. Go to Step 2.
If NO, stop, X" is optimal solution to (P).

We answer the question in Step 3 by solving the
SEPARATION PROBLEM.
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TThe Separation Proklem

Given a class of constraints A% b2 and a point X1 R, does there exist a
constraint chosen from the class [A? b?] separating X" from the feasible set
{xI R": A°x b?%}?

If so, what is it?

axs3 b

{XT R : A%X

A constraint ax b from the class, with [a b] a row of [A? b?] is separating for X"
Iff X* violates the constraint, i.e. iff ax” <b.
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TThe Separation Proklem

TSP:
x =1 and  x,=1 j=1 ,n |A" b]
=11 | S

x 31 SI N, stf [A b

il ST N\S

Given X" satisfying “in” and “out” constraints,
Alx'=1, does there exist set S, where SI N and
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TThe Separation Proklem

Solving the Separation Problem for the TSP can be
done by solving network flow problems where the
capacity of each arc in the network (i,) is given by x7;,
l.e. solving this problem is relatively EASY.

NOTE:

In general, If solving the separation problem for the large

class of constraints is “easy”, then solving the LP will
pe “easy” too, I.e. If the separation problem is a
polynomial time problem, then the LP can be solved in
polynomial time too.
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Another Subtour Elimination Constraint
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Another Subtour Elimination Constraint

Let S be a non-empty proper subset of {1,...,n}.

We can define constraints to ensure subtour iIs
not created for nodes In S:

% £[9-1 2£[SEn-2

1S S

Again, there are too many of these constraints!!
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Another Subtour Elimination Constraint

Again, solve TSP with no subtour elimination constraints:
Objective value = 2,220

Add constraint
X £]§]- 1

(i.i) s

where

S S =1(26).(62}
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Another Subtour Elimination Constraint

Again, solve TSP with no subtour elimination constraints:
Objective value = 2,335

Sz Add constraint
X £|S,]- 1
(i.i)s,
where

S, ={(17).(7:1}
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Another Subtour Elimination Constraint

Again, solve TSP with no subtour elimination constraints:
Objective value = 2,575
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Customers with Time Windows In TSP

Customer | must be visited no earlier than time |, and no
later than time u; |, O.

Time window for customer i: [, uj]

Travel ime from customerito . t;

New variables:
t. = ime customer 1 visited, 1 = 1,...,n

Require
|

t u, 1=1,...,n
Also

fx;=1thent ¢+t

(Assume can walit for start of time window If arrive early.)
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Customers with Time Windows In TSP

Linear model:

If x; =1

If x; =0
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Customers with Time Windows In TSP
IP Model (First draft)

n n
min Ci %;
=1 j=1
Jt
St.
n n
)(IJ = )(JI =1 J =1 ,n
=11 | I=1i1 |

X binary
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Customers with Time Windows In TSP
Any problem?
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Customers with Time Windows In TSP

Must have designated start node!!

So, let customer 1 be designated start customer.
(If not given, could try each customer in turn)

n n
min CIJ Xij
=1 j=1
Jt
Sl.
n n
)(IJ = )(JI =1 ] =1 ,n
i=1i1 i=1it

tJBti"'fij'M(l'Xij)’ =L .nj=2 .nit
L £t £u, 1=1 n,
X binary

620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne)




Customers with Time Windows in TSP

Can any feasible point for this model include a subtour?

Xip = Xp5 = Xgq = Xp3 = %54 =1

lllegal!!! So, subtour

not possible.

2 (e [ Sl o
12 o rlion= [l 0 =it i
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Subtour Eliminatienwith:  Auxilliarny, Varakles

Given TSP,
— designate customer 1 to be start
— setl=0,u=n-1,fori=1,..,n
— sett; =1foralli,]
and apply model for customers with Time Windows

n n
min - gX
=T Value of M?
St. n?
n n

Xij: =1 J::L N n-17?

in
i=1,it | i=1,it |

t3t+1- M- x), i=1 ,nj=2 ,nit |
0Lt £n-1 i=1 n,

X binary
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Subtour Eliminatienwith:  Auxilliarny, Varakles

n n
min G, X,
=1 j=1
i
St.
n n
X = X; =1 J=1 ,n
=1t | =1t |

t-t-(n-1x 32-n, i=% ,nj=2 ,ni?! ]
O£t £n-1 1=1 n,
X binary
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\/ehicle Routing| Medel

Let
X; = 1, if @ vehicle visits customer | immediately after customer i; O,

otherwise.
foralli,) =0,1,...,n, I1].

Depot = customer O

() ;

athematics & Statistics, University of Melbourne)
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\/ehicle Routing| Medel

n n

min G %
i=0 j=0,jti

SHt.

=1L =1 ,n
=11 j

X, =1, 1=1 ,n
j=1,jti

Xo; £ numberf vehiclesn fleet
j=1

x.21 "Si{y ,n,Stf

i1si S

x,1{03}, i=0, ,n, j=0 ,n
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Capacitated Vehicle Routing Model

Let

d. = demand of customer i (no splitting)
C = vehicles’ capacity
X = 1, vehicle k visits customer i and then customer J; 0, otherwise
foralli,),=0,1,...,n, 1], k=1,...,N =# of vehicles
1 3
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Capacitated! \VVehicle Routing Model (C

min Clj Xijk
i=0 j=0,jti k=1

SI.
n n

X|Jk_ XJ||( _11 1:11 !n! k:l 1N
i=0, i=0,
it ] it
N n
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C-VRP: Column Generation
What is a column?

z. =1, if route r is used; 0, otherwise

What does a route mean?
— a set of customers visited
— must obey capacity limit

Column generation problems:
— Master: choose which route to use to minimise cost
— Subproblem: generate a feasible route
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C-VRP: Column Generation

Master problem:

min Cz
MR
St.
z=1 i=1 ,n (a)
r R,

Reduced cost of x.:
RC(z)=C.- a +b

il r
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C-VRP: Column Generation

Pricing subproblem:
To find the column with most negative reduced cost.

Define variable:
X; = 1, if customer i visited before customer |; O, otherwise

n

min (Cu' - ai)xij RC(z)=C - a+b
i=1 j=1,jti ir
Sl.
)(ij = in =1 J =1 .,n Cr* = - j:le?lj Xij
i=1,it | i=1it |

x 31 "Si{l ,i,stf r" =columncurrentlypriced
] ’ ’

iisi S
n Add columnif :
djxij £C n n
i=1 ((:Ij - avi)xij +b0<0
x.1{0}, i=1 ,n j=1 ,n =1 j=11
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C-\VVRP: Column Generation

i=0, i=0,
it it = 2N
N n rl R
Xik =1 =L N Subproblem
k=1!=(_), n n
i min (Cu' B ai)xij
W g
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