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Quadratic ModelsQuadratic Models

Example:Example:
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Quadratic ModelsQuadratic Models

Matrix notation:Matrix notation:

General Form:General Form:
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Quadratic ModelsQuadratic Models
WARNINGWARNING: unless : unless QQ is is positive definitepositive definite or or positive positive semidefinitesemidefinite, this is very hard to , this is very hard to 

solve.solve.

( )xq

x

( )xq

x

b

b

( )xq

x

( )xq

x

b

b

( ) bxtsxq ≤≤0..min

POSITIVE DEFINITE NOT POSITIVE DEFINITE OR 
POSITIVE SEMI-DEFINITE



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 5

Portfolio AnalysisPortfolio Analysis
Period Rate of Return
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Portfolio Analysis Portfolio Analysis –– Analyse past behaviourAnalyse past behaviour

Average returnAverage return = = returnreturn we we expectexpect from investment.from investment.

Variability in asset returnsVariability in asset returns = = riskrisk of investmentof investment

Let Let rrii denote return in period denote return in period ii, i = 1,, i = 1,……,N,N

Average (expected) return:Average (expected) return:

Riskiness (measured by Riskiness (measured by variancevariance –– other measures are also other measures are also 
possible)possible)
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A Small ExampleA Small Example

Expected return, Expected return, E(rE(r) ) 
= (0.1)(= (0.1)(--4) + (0.2)(4) + (0.2)(--2) + (0.3)(5) + (0.2)(8) + (0.2)(11)2) + (0.3)(5) + (0.2)(8) + (0.2)(11)

= 4.5= 4.5

Var(rVar(r))
= (0.1)(= (0.1)(--44--4.5)4.5)22 + (0.2)(+ (0.2)(--22--4.5)4.5)22 + (0.3)(5+ (0.3)(5--4.5)4.5)2 2 + (0.2)(8+ (0.2)(8--4.5)4.5)22 + + 

(0.2)(11(0.2)(11--4.5)4.5)22

= 26.65= 26.65

10987654321Period

8115-2-458-2511Return

0.20.20.30.20.1Probability

1185-2-4Return
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Portfolio Risk and ReturnPortfolio Risk and Return

Diversification can reduce risk.Diversification can reduce risk.

ExampleExample: 2 assets: 2 assets

rrii = return of asset 1 in period = return of asset 1 in period ii

ssii = return of asset 2 in period = return of asset 2 in period ii

Investment in asset 1: x ($ or shares)Investment in asset 1: x ($ or shares)

Investment in asset 2: y ($ or shares)Investment in asset 2: y ($ or shares)

Return in period Return in period ii

= = xrxrii + + ysysii
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Portfolio Risk and ReturnPortfolio Risk and Return

Expected portfolio returnExpected portfolio return
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Portfolio Risk and ReturnPortfolio Risk and Return

Portfolio riskPortfolio risk
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Optimal PortfoliosOptimal Portfolios

In general, we have portfolio with P assets, and would In general, we have portfolio with P assets, and would 
like to invest like to invest xxpp in asset in asset pp..
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Small ExampleSmall Example

E(RE(R11) = 4.5) = 4.5 Var(RVar(R11) = 26.25) = 26.25

E(RE(R22) = 5.6) = 5.6 Var(RVar(R22) = 36.04) = 36.04

Cov(RCov(R11,R,R22) ) 

= 1/10 [(11= 1/10 [(11--4.5)(154.5)(15--5.6) + (55.6) + (5--4.5)(34.5)(3--5.6)+5.6)+……+(8+(8--4.5)(94.5)(9--

5.6)]5.6)]

= 2.1= 2.1
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Small ExampleSmall Example

Invest xInvest x11 in asset 1in asset 1

Invest xInvest x22 in asset 2in asset 2

Expected portfolio return Expected portfolio return 

= 4.5x= 4.5x11 + 5.6x+ 5.6x22

Riskiness of portfolio =Riskiness of portfolio =

= 26.25x= 26.25x11
22 + 36.04x+ 36.04x22

22 + 2(2.1)x+ 2(2.1)x11xx22
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Small ExampleSmall Example

Budget = $2,000 (spend all)Budget = $2,000 (spend all)

Minimum return required = 5%Minimum return required = 5%
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Solving QP with Solving QP with XpressMPXpressMP
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample

An investor is evaluating ten different securities (`shares').An investor is evaluating ten different securities (`shares').

He estimates the return on investment for a period of one year. He estimates the return on investment for a period of one year. 

He further wishes to invest at least half of his capital in NortHe further wishes to invest at least half of his capital in Northh--
American shares and at most a third in shares. American shares and at most a third in shares. 

How should the capital be divided among the shares to minimize How should the capital be divided among the shares to minimize 
the risk whilst obtaining a certain target yield? the risk whilst obtaining a certain target yield? 

The investor adopts the The investor adopts the MarkowitzMarkowitz idea of getting estimates of idea of getting estimates of 
the variance/covariance matrix of estimated returns on the the variance/covariance matrix of estimated returns on the 
securities.securities.
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample

GivenGiven

IImaxmax = max. investment per share (%)= max. investment per share (%)

IIminmin = min. investment into North American share (%)= min. investment into North American share (%)

S = set of all sharesS = set of all shares

A = set of North American sharesA = set of North American shares

T = target yield (%)T = target yield (%)

RRpp = estimated return in investment for share = estimated return in investment for share p p (%)(%)

CovCov = covariance matrix of estimated return= covariance matrix of estimated return

Variable:Variable:

xxpp = fraction of capital invested in share = fraction of capital invested in share pp
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP

ExampleExample

XpressXpressMPMP demonstrationdemonstration


