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MotivationMotivation

A quick MIP modelling revision, applicable toA quick MIP modelling revision, applicable to

–– AssignmentsAssignments

–– Industrial projectIndustrial project

–– MidMid--semester testsemester test

via examples.via examples.

Structure:Structure:

–– Decomposing the Decomposing the ““storystory””

–– Adding complexity to a Adding complexity to a ““basicbasic”” problemproblem



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 3

Ambulance Service ImprovementAmbulance Service Improvement

The Utopian Ambulance Service (UAS) is the main provider of The Utopian Ambulance Service (UAS) is the main provider of 
ambulance services in the state of Peaceful. The state of ambulance services in the state of Peaceful. The state of 
Peaceful has Peaceful has eight districtseight districts in total, called Atlantisin total, called Atlantis--1, Atlantis1, Atlantis--
2, Atlantis2, Atlantis--3, Atlantis3, Atlantis--4, Atlantis4, Atlantis--5, Atlantis5, Atlantis--6, Atlantis6, Atlantis--7 and 7 and 
AtlantisAtlantis--8. 8. 

Currently, UAS has Currently, UAS has ten ambulance service centresten ambulance service centres (ASC), (ASC), 
providing services to the eight different districts.providing services to the eight different districts.

UAS wishes to improve their services by UAS wishes to improve their services by purchasing new purchasing new 
ambulancesambulances, and if needed, will , and if needed, will upgrade their facilities to upgrade their facilities to 
accommodate the increase in the number of ambulancesaccommodate the increase in the number of ambulances. . 

UAS has allocated $1,000,000 for this purpose. The penalty for UAS has allocated $1,000,000 for this purpose. The penalty for 
not meeting the not meeting the budgetbudget is $1 per dollar exceeding the is $1 per dollar exceeding the 
budgeted amount. budgeted amount. 
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Ambulance Service ImprovementAmbulance Service Improvement
Each district will be served by all ASC within a 10km radius froEach district will be served by all ASC within a 10km radius from the centre of m the centre of 

the district, as listed in Table 1. Due to political reasons, the district, as listed in Table 1. Due to political reasons, at most one ASC at most one ASC 
in each district, i.e. within a 10km limit from the in each district, i.e. within a 10km limit from the centercenter of the district, of the district, 
can be upgradedcan be upgraded. UAS will sign a quality. UAS will sign a quality--ofof--service agreement with each service agreement with each 
district, stating that district, stating that UASUAS’’ss average response time for service within that average response time for service within that 
district should not exceed the Average Response Time Guarantee (district should not exceed the Average Response Time Guarantee (ARTG) ARTG) 
specified in Table 1. specified in Table 1. 

120006UC-3, UC-6Atlantis-8

140007UC-7, UC-9, UC-10Atlantis-7

130005UC-5, UC-8Atlantis-6

90005UC-4, UC-5, UC-9Atlantis-5

180008UC-1, UC-10Atlantis-4

130006UC-4, UC-6Atlantis-3

120005UC-2, UC-3Atlantis-2

150007UC-1, UC-2Atlantis-1

Penalty per minute 
exceeding ARTG

($)

Average Response 
Time Guarantee 

(ARTG)
(minutes)

ASC within 10km radiusDistrict
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Ambulance Service ImprovementAmbulance Service Improvement

The response time of an The response time of an ASCASCjj can be estimated bycan be estimated by

for for nnjj > 0, where > 0, where nnjj is the number of ambulances at is the number of ambulances at ASCASCjj and and ααjj is is 
the number of districts the number of districts ASCASCjj is servingis serving..

where Swhere Sii is the set of all is the set of all ASCASC’’ss within a 10km radius from the within a 10km radius from the 
centre of district centre of district i.i.














−= j

j

j

ASC
nR

j α
α

5
10,5max

i

Sj

ASC

District

i
S

R

R i

j∑
∈

=



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 6

Ambulance Service ImprovementAmbulance Service Improvement
Whenever an ASC is upgraded, a fixed cost will be incurred. The Whenever an ASC is upgraded, a fixed cost will be incurred. The number of number of 

ambulances currently stationed at the ASC, the capacity when theambulances currently stationed at the ASC, the capacity when the facility is facility is 
upgraded and the fixed cost of upgrade are shown for each ASC inupgraded and the fixed cost of upgrade are shown for each ASC in Table 2. Table 2. 
The cost of a new ambulance is $70,000 each. All The cost of a new ambulance is $70,000 each. All ASCASC’’ss are currently at are currently at 
their full capacity.their full capacity.

120000112UC-10

180000205UC-9

150000184UC-8

180000202UC-7

100000135UC-6

130000123UC-5

180000174UC-4

160000183UC-3

120000204UC-2

100000103UC-1

Fixed Cost when 
upgrading is 
performed

($)

Capacity when 
facility is 
upgraded

(number of 
ambulances)

Number of 
ambulances

ASC
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Ambulance Service ImprovementAmbulance Service Improvement

Given:Given:
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Ambulance Service ImprovementAmbulance Service Improvement

Decisions:Decisions:
–– # new ambulances # new ambulances --> upgrade?> upgrade?

Also want to measure:Also want to measure:
–– response timeresponse time
–– budgetbudget



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 9

Ambulance Service ImprovementAmbulance Service Improvement

Response constraints:Response constraints:

Actual response:Actual response:

Average response requirement:Average response requirement:
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Ambulance Service ImprovementAmbulance Service Improvement

Max # upgrades:Max # upgrades:

ASC capacity limit:ASC capacity limit:

Budget:Budget:

Objective function:Objective function:
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Project ManagementProject Management

GivenGiven
S = set of all tasksS = set of all tasks

DDii = duration of task = duration of task ii

PPii = set of tasks = set of tasks immediatelyimmediately preceding task preceding task ii
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Project ManagementProject Management

Objective 1:Objective 1:

Minimise the maximum completion time of all tasks.Minimise the maximum completion time of all tasks.

Variables:Variables:

ttii = start time of task = start time of task ii
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Project ManagementProject Management
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Project ManagementProject Management

Objective 2:Objective 2:

Minimise total Minimise total crashingcrashing (reducing task duration) cost (reducing task duration) cost 

such that project is completed within time T.such that project is completed within time T.

GivenGiven

CCii = cost of crashing task = cost of crashing task ii

VariablesVariables

xxii = amount by which duration of task = amount by which duration of task ii is reducedis reduced
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Project ManagementProject Management
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Project ManagementProject Management

Now suppose there is a Human Resource aspect Now suppose there is a Human Resource aspect 

to this problem (with Objective 2).to this problem (with Objective 2).

Each worker can only carry out a set of tasks.Each worker can only carry out a set of tasks.

GivenGiven

H = set of all workersH = set of all workers

JJkk = set of tasks that can be done by worker = set of tasks that can be done by worker kk

WWkk = hourly wage for worker = hourly wage for worker kk
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Project ManagementProject Management

Assume task durations and Assume task durations and ““crashing capabilitycrashing capability””
does not depend on does not depend on ““skillskill”” of worker.of worker.
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Project ManagementProject Management

Seemed like we need the following variable:Seemed like we need the following variable:
yyikik = 1, = 1, iffiff task task ii is assigned to worker is assigned to worker kk, for all , for all ii ∈∈JJkk

Model is:Model is: ( )
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Project ManagementProject Management

Introduce the following variable:Introduce the following variable:

llikik = duration of task = duration of task ii performed by worker performed by worker kk
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Project ManagementProject Management
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Project ManagementProject Management

But if a set of tasks is assigned to a worker, can But if a set of tasks is assigned to a worker, can 

the worker carry out the task simultaneously?the worker carry out the task simultaneously?

Most likely not!!Most likely not!!

So for each worker, we need to So for each worker, we need to ““sequencesequence”” the the 

set of assigned tasks, to ensure each worker set of assigned tasks, to ensure each worker 

performs one task at a time.performs one task at a time.

Variables:Variables:

zzijkijk = 1, = 1, iffiff task task ii precedes task precedes task jj for worker for worker kk..
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Project ManagementProject Management

Now, start time of a task is dependent onNow, start time of a task is dependent on
–– its its usualusual preceding taskspreceding tasks

–– its its workerworker--impliedimplied preceding taskpreceding task

How do we model task start times?How do we model task start times?

{ }

{ }( )k

Jjits
Hk

jikjjji

ijjji

JjitsHktsSji

zMxDtt

PjSixDtt

k

⊆∈∃∈∀

















−−−+≥

∈∈∀−+≥

∑
⊆

∈

,....,

,1

,,

,..



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 23

{ }

{ }

{ }

( )

{ }

{ } { } kijk

kikik

ii

kikiiik

Ji

ik

Ji

Oik

kik

OJj

jik

Jits
Hk

ik

ii

k

Jjits
Hk

jikjjji

ijjji

iii

Hk Ji

ikk

Si

ii

JjiHkz

JiHkly

Sixt

JiHkyMxDl

Hkyz

JiHkyz

Siy

SiDx

JjitsHktsSjizMxDtt

PjSixDtt

SiTxDt

ts

lWxC

kk

k

k

k

k

⊆∈∀∈

∈∈∀≥∈

∈∀≥

∈∈∀−−−≥

∈∀=

∈∈∀=

∈∀=

∈∀≤

⊆∈∃∈∀
















−−−+≥

∈∈∀−+≥

∈∀≤−+

+

∑∑

∑

∑

∑

∑∑∑

∈∈

∪∈

∈
∈

∈
∈

∈ ∈∈

,,,1,0

,,0,1,0

,0,

,,1

,

,,

,1

,

,....,,1

,,

,

..

min

..

,..



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 24

Employee shift coveringEmployee shift covering

Given Given 
S = set of all shift types (CasualS = set of all shift types (Casual--4hr,Casual4hr,Casual--5hr, Fulltime5hr, Fulltime--8hr, 8hr, 

FulltimeFulltime--9hr etc.)9hr etc.)

{1,{1,……,T} is the set of all hours,T} is the set of all hours

DDii = employee demand for hour = employee demand for hour ii

W = the total number of employees W = the total number of employees 

H = total work limitH = total work limit

CCii = cost of shift type = cost of shift type ii∈∈SS

LLii = length of shift type = length of shift type ii∈∈SS

Objective:Objective:
Determine the number of each shift type to use to minimal Determine the number of each shift type to use to minimal 

overall cost, such that hourly demand is met.overall cost, such that hourly demand is met.



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 25

Employee shift coveringEmployee shift covering

TIME

# employee

Hour1 Hour2 Hour3 Hour4 Hour5 Hour6 Hour7 Hour8 Hour9 Hour10

……...
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Employee shift coveringEmployee shift covering

Variables:Variables:

xxtqtq = # shift type q starting at hour = # shift type q starting at hour tt

nntt = # employees in hour = # employees in hour tt

Relationship between Relationship between nntt and and xxtqtq::

Assume shift pattern not repeated over planning Assume shift pattern not repeated over planning 

horizonhorizon
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Employee shift coveringEmployee shift covering
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of this constraint?
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Employee shift coveringEmployee shift covering

HOMEWORK:HOMEWORK:

What if shift pattern has to be repeated What if shift pattern has to be repeated 

over a rolling time horizon?over a rolling time horizon?


