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Network ModelsNetwork Models

•• very special mathematical programsvery special mathematical programs

•• extremely fast and efficient techniques availableextremely fast and efficient techniques available

•• enormousenormous problems can be solvedproblems can be solved

•• special properties e.g. naturally integerspecial properties e.g. naturally integer
–– total total unimodularityunimodularity

•• intuitive, natural paradigm for thinking about real intuitive, natural paradigm for thinking about real 
problemsproblems

•• many, many real problems have network structuremany, many real problems have network structure
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Network ModelsNetwork Models

ReReffeerreenncceess::

•• R. R. AhujaAhuja, T. , T. MagnantiMagnanti & J. & J. OrlinOrlin

““Network Flows: Theory, Algorithms and ApplicationsNetwork Flows: Theory, Algorithms and Applications””

•• Winston Chapters 7 & 8Winston Chapters 7 & 8

We will look atWe will look at

–– spanning treesspanning trees

–– shortest pathsshortest paths

–– network flowsnetwork flows

–– multicommoditymulticommodity flowsflows
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Terms and NotationTerms and Notation

Graph, DigraphGraph, Digraph

N = set of N = set of nodesnodes or or verticesvertices

A = set of A = set of edgesedges or or arcsarcs or or linkslinks

Graph = (N,A)Graph = (N,A)

Digraph = (N,A),Digraph = (N,A), A consists of directed edgeA consists of directed edge

i j

{ }

pair node unordered

edge undirected

, ji

i j

( )

pair node ordered

edge directed

, ji
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Terms and NotationTerms and Notation

NetworkNetwork

Graph or digraph + extra informationGraph or digraph + extra information

e.g. cost of an edge, e.g. cost of an edge, ccijij, for edge (, for edge (i,ji,j))

Path from node Path from node ss∈∈NN to node to node tt∈∈NN

s is referred to as the s is referred to as the ““source nodesource node””

t is referred to as the t is referred to as the ““terminal nodeterminal node””, , ““sinksink”” or or 

““destinationdestination””

A path is a sequence of nodes (s = iA path is a sequence of nodes (s = i00, i, i11,,……,i,in n = t), = t), 

{i{i00,i,i11,,……,,iinn}}⊆⊆NN, (i, (ijj--11, , iijj))∈∈AA for all j=1,for all j=1,……,n,n
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Terms and NotationTerms and Notation

Example 1Example 1::

N = {1,2,N = {1,2,……,10},10}

A = {(1,3), (2,1), (3,2), (3,8), (4,2), (4,3), (4,5), A = {(1,3), (2,1), (3,2), (3,8), (4,2), (4,3), (4,5), ……}}

A path from 1 to 9 isA path from 1 to 9 is
(1,3,8,7,4,5,10,6,9)(1,3,8,7,4,5,10,6,9)

Another path from 1 to 9 isAnother path from 1 to 9 is
(1,3,8,7,10,6,9)(1,3,8,7,10,6,9)
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Terms and NotationTerms and Notation
Simple cycleSimple cycle

a path from a path from ss∈∈NN to itself in which no node is repeatedto itself in which no node is repeated

e.g.e.g.

except s, which occurs only at the beginning and end.except s, which occurs only at the beginning and end.
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7

8

6

10
9

( )1,2,3,1

( )9,6,10,6,5,4

6

10
9

( ) cycle a is 9,6,10,6,10,9
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Terms and NotationTerms and Notation

Acyclic graphAcyclic graph
does not contain any cyclesdoes not contain any cycles
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no cycles

Example 2

no directed cycle



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 9

Terms and NotationTerms and Notation

TreeTree
undirected, acyclic, connected graph.undirected, acyclic, connected graph.

Predecessor of node Predecessor of node ii∈∈NN
any node any node jj∈∈NN such that there is a path such that there is a path 

from j to i in the graphfrom j to i in the graph

e.g. from e.g. from Example 1Example 1, 1 is a , 1 is a 
predecessor of 7 since (1,3,8,7) is a predecessor of 7 since (1,3,8,7) is a 
pathpath

e.g. from e.g. from Example 2Example 2, 1 is a , 1 is a 
predecessor of 7 but 5 is notpredecessor of 7 but 5 is not
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Terms and NotationTerms and Notation

Immediate predecessor of node Immediate predecessor of node ii
is a node is a node jj where (where (j,i)j,i)∈∈AA; the set of these ; the set of these 

nodes is denoted nodes is denoted P(iP(i))

e.g. from e.g. from Example 2Example 2, immediate , immediate 
predecessors of 7 are nodes 4, 8 and 10, predecessors of 7 are nodes 4, 8 and 10, 
so P(7) = {4,8,10}so P(7) = {4,8,10}

Successor of Successor of ii∈∈NN
any node any node jj∈∈NN with a path from i to jwith a path from i to j

Immediate successor of node iImmediate successor of node i
is node j, where (is node j, where (i,j)i,j)∈∈AA, the set of these , the set of these 

nodes is denoted nodes is denoted S(iS(i))

e.g. from e.g. from Example 2Example 2, immediate successors , immediate successors 
of 3 are nodes 4 and 8, so S(3) = {4,8}of 3 are nodes 4 and 8, so S(3) = {4,8}

1

2

3

4

5

7

8

6

10
9



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 11

General AssumptionsGeneral Assumptions

For all nodes For all nodes i,ji,j∈∈NN::

1.1. there is at most one arc (there is at most one arc (i,j)i,j)∈∈AA, i.e. there are no , i.e. there are no 
““parallelparallel”” edges.edges.

2.2. there are no arcs (there are no arcs (i,ii,i), i.e. there are no ), i.e. there are no ““loopsloops””..

((AA⊆⊆NxNNxN, , ((i,i)i,i)∉∉AA,, forallforall ii∈∈NN))

i

j

i



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 12

PropertiesProperties

For a digraph,For a digraph,

For an undirected graph,For an undirected graph,

In general, we expect |A| is O(|N|In general, we expect |A| is O(|N|22))

( ) 2
1 NNNA ≈−≤

( ) 2

2

1
1

2

1
NNNA ≈−≤
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Trees in Undirected NetworksTrees in Undirected Networks

DefinitionDefinition
Given a graph with nodes 1,Given a graph with nodes 1,……,N and arcs (,N and arcs (i,j)i,j)∈∈AA::

1.1. The graph is The graph is connectedconnected if for any two nodes, there is at if for any two nodes, there is at 
least one path connection these nodes; otherwise the least one path connection these nodes; otherwise the 
graph is graph is disconnecteddisconnected..

2.2. The graph is a The graph is a treetree if it is undirected, connected and if it is undirected, connected and 
acylicacylic..

3.3. A A subgraphsubgraph is a is a spanning treespanning tree if it is a tree containing if it is a tree containing 
every vertex of the graph.every vertex of the graph.

Given an undirected network, with arc lengths Given an undirected network, with arc lengths aaijij for (for (i,j)i,j)∈∈AA::

4.4. A A minimal spanning treeminimal spanning tree or or MSTMST is the spanning tree is the spanning tree 
whose cost or weight, i.e. the sum of all the arcs lengths of whose cost or weight, i.e. the sum of all the arcs lengths of 
the tree, is the least cost amongst all spanning trees.the tree, is the least cost amongst all spanning trees.



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 14

Spanning TreeSpanning Tree

NoteNote: a spanning tree in a graph of N nodes has N nodes and (N: a spanning tree in a graph of N nodes has N nodes and (N--
1) arcs.1) arcs.

Some spanning trees on 8 nodesSome spanning trees on 8 nodes……all have 7 arcs!all have 7 arcs!

1 2 3 4 765
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Spanning TreeSpanning Tree

ExerciseExercise

Write down all the spanning trees ofWrite down all the spanning trees of

What is an MST?What is an MST?

What is its cost?What is its cost?

1

2 3

4
1

3

4

2

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ }

{ } { } { }{ } 8314,4,3,4,1,2,1

10334,4,3,3,1,2,1

6123,4,1,3,2,3,1

7241,3,2,2,1,4,1

9324,4,3,3,2,2,1

6231,3,2,4,3,4,1

8323,4,3,3,2,3,1

8314,3,1,4,1,2,1

=++=

=++=

=++=

=++=

=++=

=++=

=++=

=++=

Cost

Cost

Cost

Cost

Cost

Cost

Cost

Cost

3
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Spanning TreeSpanning Tree

Applications (Two examples)Applications (Two examples)

Geographic Network DesignGeographic Network Design
Cable TV in Canada where cable network originates in Cable TV in Canada where cable network originates in 

northern USA: Form an MST connecting cable HQ with northern USA: Form an MST connecting cable HQ with 
Canadian towns/cities.Canadian towns/cities.

USA HQ
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Spanning TreeSpanning Tree

Data compressionData compression
Store vectors of similar data, e.g. sequences of amino acids in Store vectors of similar data, e.g. sequences of amino acids in 

genetics, using similarities to reduce volume of data genetics, using similarities to reduce volume of data 
required.required.

For each pair of vectors VFor each pair of vectors Vii, , VVjj (i=1,(i=1,……,N), let ,N), let 
aaijij = # if components in v= # if components in vii different from the corresponding components different from the corresponding components 

of of vvjj..

Find an MST in the network of nodes VFind an MST in the network of nodes V11,,……,V,VNN where there is where there is 
an arc of cost an arc of cost aaijij between each Vbetween each Vii and and VVjj ((ii≠≠jj).).

Choose VChoose V11 as the as the ““referencereference”” vector. For each immediate vector. For each immediate 
successor successor VVjj of Vof V11 in the MST, store only the differences in the MST, store only the differences 
between between VVjj and Vand V11. Continue this process from . Continue this process from VVjj..
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Spanning TreeSpanning Tree

CutCut

a subset of nodes Sa subset of nodes S⊆⊆VV

e.g. S = {1,2,3,4}e.g. S = {1,2,3,4}

arcs arcs ““across cutacross cut”” are:are:

arcs arcs ““out of cutout of cut””: (4,5), (3,8): (4,5), (3,8)

arcs arcs ““into cutinto cut””: (6,4), (7,4): (6,4), (7,4)
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Spanning TreeSpanning Tree

e.g. S = {1,5,6,9}e.g. S = {1,5,6,9}

arcs arcs ““out of cutout of cut””: : 

(1,3), (5,10), (5,7), (6,10), (6,4), (9,10)(1,3), (5,10), (5,7), (6,10), (6,4), (9,10)

arcs arcs ““into cutinto cut””::

(2,1), (4,5), (10,6)(2,1), (4,5), (10,6)
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Spanning TreeSpanning Tree

e.g. S = {2,3,5}e.g. S = {2,3,5}

edges across cut:edges across cut:

{1,2}, {3,4}, {3,6}, {3,7}, {5,6}, {5,7}{1,2}, {3,4}, {3,6}, {3,7}, {5,6}, {5,7}

e.g. S = {1,4,6,7} = Ve.g. S = {1,4,6,7} = V\\{2,3,5}{2,3,5}

edges across cut are the same!!edges across cut are the same!!

1
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3

4

5

7

6
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Spanning Tree PropertiesSpanning Tree Properties

1A1A. Any edge in a spanning tree induces a cut in the graph: . Any edge in a spanning tree induces a cut in the graph: 
remove the edge and the spanning tree breaks into 2 remove the edge and the spanning tree breaks into 2 
disconnected components disconnected components –– nodes of one component form the nodes of one component form the 
cut.cut.

Consider spanning tree T = {{1,2}, {2,4}, {3,4}, {4,7}, {5,7}, {Consider spanning tree T = {{1,2}, {2,4}, {3,4}, {4,7}, {5,7}, {7,10}, {6,10}, {7,8}, 7,10}, {6,10}, {7,8}, 
{9,10}}{9,10}}

Edge {4,7} removed: cut?Edge {4,7} removed: cut?

Edge {5,7} removed: cut?Edge {5,7} removed: cut?

Edge {7,10} removed: cut?Edge {7,10} removed: cut?
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Spanning Tree PropertiesSpanning Tree Properties

1B1B. If edge {. If edge {i,ji,j} is in spanning tree T, {} is in spanning tree T, {i,ji,j} induces a cut S} induces a cut S⊆⊆V, and V, and 
{{ii’’,j,j’’} is an edge across the cut, then T} is an edge across the cut, then T\\{{{{i,ji,j}} U {{}} U {{ii’’,j,j’’}} is also a }} is also a 
spanning tree.spanning tree.

e.g. remove {4,7}e.g. remove {4,7}

edges across cut areedges across cut are

{3,8}, {4,7}, {4,5}, {4,6}{3,8}, {4,7}, {4,5}, {4,6}

TT\\{4,7} U {3,8} is a spanning tree{4,7} U {3,8} is a spanning tree

TT\\{4,7} U {4,5} is a spanning tree{4,7} U {4,5} is a spanning tree

TT\\{4,7} U {4,6} is a spanning tree{4,7} U {4,6} is a spanning tree
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Spanning Tree PropertiesSpanning Tree Properties

e.g. remove {7,10}e.g. remove {7,10}

edges across cut are {7,10}, {5,10}, {4,6}edges across cut are {7,10}, {5,10}, {4,6}

TT\\{7,10} U {5,10} is a spanning tree{7,10} U {5,10} is a spanning tree

TT\\{7,10} U {4,6} is a spanning tree{7,10} U {4,6} is a spanning tree

1
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Spanning Tree PropertiesSpanning Tree Properties

2A2A. Any edge not in a spanning tree induces a unique . Any edge not in a spanning tree induces a unique 
path in the spanning tree, between the terminal path in the spanning tree, between the terminal 
vertices of the edge.vertices of the edge.

e.g. e.g. for {3,8}, path is 3for {3,8}, path is 3--44--77--88

for {4,6}, path is 4for {4,6}, path is 4--77--1010--66

for {4,5}, path is 4for {4,5}, path is 4--77--55
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Spanning Tree PropertiesSpanning Tree Properties

2B2B. If {. If {i,ji,j} is not in spanning tree T, and {} is not in spanning tree T, and {ii’’,j,j’’} is some } is some 
edge on unique path in T between i and j, then Tedge on unique path in T between i and j, then T\\{{ii’’,j,j’’} } 
U {U {i,ji,j} is also a spanning tree.} is also a spanning tree.

e.g.e.g.

TT\\{3,4} U {3,8} is a spanning tree{3,4} U {3,8} is a spanning tree

TT\\{4,7} U {3,8} is a spanning tree{4,7} U {3,8} is a spanning tree

TT\\{7,8} U {3,8} is a spanning tree{7,8} U {3,8} is a spanning tree

……
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Cut Optimality ConditionCut Optimality Condition

A spanning tree TA spanning tree T** is an MST is an MST iffiff for every arc {for every arc {i,j}i,j}∈∈TT**,,

ccijij ≤≤ ccklkl for all {for all {k,lk,l} contained in the cut formed by deleting {} contained in the cut formed by deleting {i,ji,j} } 
from Tfrom T**

⇒⇒ If If ccijij > > ccklkl then new tree (Tthen new tree (T**U{k,l})U{k,l})\\{i,j{i,j} is a cheaper spanning tree.} is a cheaper spanning tree.

Therefore, contradicts Therefore, contradicts minimalityminimality of Tof T**..

i

k

j

l

S
S ′*

T
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Cut Optimality ConditionCut Optimality Condition

⇐⇐ Suppose TSuppose T** satisfies cut condition, Tsatisfies cut condition, T00 is MST and Tis MST and T** is different from Tis different from T00. . 

Say {Say {i,j}i,j}∈∈TT**\\TT00. . 

Consider cut S induced by {Consider cut S induced by {i,ji,j} in T} in T**..

∃∃{{k,lk,l} with } with kk∈∈SS, , ll∈∈SS’’, {k,l}, {k,l}∈∈TT00. . 

Then Then ccijij = = ccklkl otherwise Totherwise T00 could be improved! could be improved! 

So TSo T00:= (T:= (T00U{i,j})U{i,j})\\{k,l} is MST. {k,l} is MST. 

Repeat until TRepeat until T00 = T= T**..
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l

S
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T
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Path Optimality ConditionPath Optimality Condition

A spanning tree TA spanning tree T** is a MST with respect to cost is a MST with respect to cost cc iffiff for for 

all {all {k,l}k,l}∈∈AA\\TT**, every arc {, every arc {i,ji,j} in the path connecting k } in the path connecting k 

and l in Tand l in T** has has ccijij ≤≤ ccklkl..

⇒⇒ if {if {i,j}i,j}∈∈TT** on path from k to l and on path from k to l and ccijij > > ccklkl

then (Tthen (T* * U {U {k,l})k,l})\\{i,j{i,j} gives cheaper spanning tree.} gives cheaper spanning tree.

Therefore, contradicts Therefore, contradicts minimalityminimality..

⇐⇐ Suppose TSuppose T** satisfies path condition. Let {satisfies path condition. Let {i,j}i,j}∈∈TT** and and 

consider cut S induced by {consider cut S induced by {i,ji,j} in T} in T**. If arc {. If arc {k,lk,l} crosses cut, } crosses cut, 

then the (only) path from k to l in T* must use {then the (only) path from k to l in T* must use {i,ji,j}. So {}. So {i,ji,j} is } is 

on path connecting k and l, thus on path connecting k and l, thus ccijij ≤≤ ccklkl ⇒⇒ TT** satisfies cut satisfies cut 

condition condition ⇒⇒ TT** is MST.is MST.


