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Overview: What to revise?

» Mixed integer program modelling
— Piecewise linear functions
— Big-M constraints
— Other “creative” use of binary/integer variables
— “Good” and “bad” models

« Branch-and-bound
— The branch-and-bound procedure.
— Use graphical method to solve LP.

« The Gomory cutting plane method
— Proofs
— Derive Gomory cuts
— The dual simplex method

« Column generation & Dantzig-Wolfe Reformulation
— Pricing subproblem
— D-W reformulation

« Modelling quadratic models
— Determine covariance matrix
— Model problem
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MIP Modelling
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Integer Programming Modelling

« Knapsack Problems (Capital Budgeting)

« Set Covering/Partitioning/Packing (Human resource
planning)

 Facility Location Problems

 Lot-sizing Problems

 Logic and Disjunctive Constraints

* Piecewise Linear Functions

Quadratic Assignment Problems

Hub Location Problems (Postal Service Planning)
Vehicle Routing/Travelling Salesperson
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Modelling Logic And Disjunctive Constraints

Logical statements, such as implications, can be modelled using binary variables.

Facility location problem: no more than 10 new facilities to be constructed

i y, <10
i=1

Can put facilities at both sites 1 and 2 or at neither

Y1 =Y

Cannot put facilities at both sites 3 and 4

ya+y, <1

If put facility at site 5, must also put facility at site 6

Vs < Ve

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Disjunctive Inequalities

Machine maintenance scheduling:
— Schedule time tto perform maintenance on machine
— Machine will be in use between time T, and T,
— Deadline on maintenance is time T

Disjunctive constraint:
t<1, or t21,
1, t<T isenforced

= S
g 0, t=T,1sentorced

.

t<T,+(T =T fi-y)
t21, -1,y
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Modelling Logical Relations

Select at most one (packing): > x; <1
jeS

Select precisely one (partitioning): » x, =1

jeS
Select at least one (covering): > x; 21
jesS
Special conditions:
x=1=x,=1 x,—x, <0
x,=1=x,=0 x +x, <1
x,=lArx,=1=x, =1 X +x,—x; <1
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Production Scheduling

‘min m
min max ‘lt — lt—l‘

2,012 st. m2|[-1_|, VvVt=2,..]12
9 [ =bx,+b,x,, Vt=1,...,12
st. I =bx,+b,x, ,Vt=1,...,12 ;
| etc
Vi =Xy Xy 1 —d,

yt:x1t+x2t+yt—1_d Vi=2,...,12

0
0<x,<a, Vit=1,...,12
0<x, <a,, Vt=1,...,12
0<[ <L, Vt=1,..,12
y, 20, Vi=1,...,12
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Penalties on Soft Constraints

4 cost
ﬁ slope = 50
» time t

12 14

To model as an LP, introduce two new variables
y = # hours early
Z = # hours late

via

with objective function
min ... + 20y + 50z + ...
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Max. a Piecewise Linear Concave Function

Example:

-

max

S.t.

f(x1)+ 2X2 where f(x)=1
x, +3x, <15

X +x,<9

N

1
3
1
4

3
_x,

2
(2x+5), 2<x<5

0<x<L2

(x+15) 5<x<9

max

S.I.

3
5)’1 +_y2+1y3 +2x,

2 |

3
y,+y,+y,+3x, <15

Vit Y, +y;+x,<9
0<y <2
0<y,<3
0<y, <4

x, 20
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Example: Piecewise Linear Function

To complete the MIP model of the piecewise linear cost function
¢, we note that ¢ can be expressed as

4 15x, 0<x <600
clx)=> A.clt,) c(x)={ 4200+8x  600< x <1500
k=1

20x—13800 1500<x<1800
=04 +90004, +162004, + 222004,

= 90004, +162004, + 222004,
St . 1800, 22200
A<y, Mty +y =1
< ¢
2’2 B y1+y2 ﬂ'|+ﬂ2+ﬂ3+ﬂ‘4 =1 100007 0, 9000
23 S y2 + y3 5000 -
A<y, 220, Vi=1...4 N
y, binary, Vi=1...3 "
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Linearising the QAP Model

fj

]

min SZ SZ y: y: tijdklxikle

1,

flight i 1s assigned to gate k
0, otherwise

S.I.

> x, =1, VieF ——
ke G

Y x, =1, VkeG

ke F

X, € {0,1}, Vie F.ke G

ieF jeF keG leG
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Project Management

min Z C.x, + Z ZWklik

€S keH ieJ,
S.I.
t.+D —x <T, Viel
t,2t,+D, —x,, Vie §, je P
x, <D, Viel

> vy =1, Vies

ke H
S.t.iE]k

l.>D.—x.-M(1-y,), Vke H,ieJ,
t,x, 20, Viel
v, €101}, 1, >0, Vke H,ieJ,
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Employee shift covering

min Z i Ctxtq

ges t=1
S.I.
t
n, = Z Zxrq, vVe=1,...,T
qeS r=t—L,+1

D .<n <W, Vi=1,...,T

T
2. 2Ly, <H

geS t=1

What is the use
of this constraint?
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A Formal Definition

* Model M, is at least as good as model M, if
R, cR,

* Model M, is better than model M, if
R,cR,

» Model M, is better than model M., with respect
to objective cx if
max,.rqy CX < Max,.p, CX
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Uncapacitated Facility Location (UFL)

min

S.I.
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D Ci¥y+ D [

iel,jeJ iel
Yy, =l Vel
iel

Zyij <mx,, Viel VS

jedJ
y; 20, Viel, jel
x.€ 01}, Viel




Lot-Sizing Problem

T
min Z(ptyt +htst +Ctxt)
t=1

S.t.

y, =d, +5,

sty =d +s, t=2,....,T—1 VS

Sro tyr =d;
vy, <Mx, t=1,...,T
y,s,20,x,€{01}, t=1...,T
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HRP — Assighment Model

m
min Z W,
j=1

s.L.

m

Yz,=1, Vi=l,..,n

j=1

D hz,<Hw, Yj=1l...,m VS
i=1

Z; € {0,1}, Vi=1,...,n;j=1,...,m
w.ef0l}, Vji=1l...m
...might have other restrictions, e.g. some jobs cannot be done by the same worker.

Any problems?
SYMMETRY - every worker is identical

(May also have symmetry if several jobs require same length of time.)
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HRP — Assighment Model

How can we break symmetry?
One way is to include the following set of constraints:

Zzi(j—l) ZZZU, Vj=2,...,m
i=1 =1

Considers only solutions where the number of jobs
assigned to a worker is non-decreasing with
Increasing worker “index”.

— This is reasonable since any feasible solution obtained for
this problem can be arranged in this order.
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review other MIP modelling
problems (lectures and practice
classes)
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The Branch-and-Bound Method
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Branch-and-Bound Algorithm (Max. prob.)

INITIALISE:
Zjp.= -~
IP':= IP

Branch on x/, fractional.
Create two new nodes iy, i:
Z':= cxi, Z2:= cx
LP":= LP'plus constraint x, < | x|
LP?:= [ P plus constraint x, =[x, ] +1
L= LU {ii, i)

A

Try to fathom unexplored
nodes, i.e. for each je L,
Li=L\{} if Z< zp

A

A 4

nodes explore
ie. L=0@7?

Zp is optimal value.
if Z”: > - then L(”: is
optimal solution.

Select node i to
explore, L:=L\{i}

A 4

Solve LP'to get
solution x’

Z/P:= CXI, )_(|P:= )(I
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LP-based Branch-and-Bound

Example 1 max z =x, +2x,
s.t.—2x,+7x, <14

6x, +2x, <27

X, X, Integer

Best objective = NONE

A ~ ~ 6x1 + 2X2 - 27
~

S
= \\/—2)61 +7)C2 =14
3+

(x 1’ xz) _—_(3 5 3)

M. ®

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Example 1: B&B Tree

max z = x, +2x,
s.t.—2x,+7x, <14
6x, +2x, <27

X, X, Integer

Node,3 Node 4
z=7,2zY8 =8.72 -
x=(3,2) INFEASIBLE pruned, since
INTEGER
z<zlB
7SSl 6xt2x =27
4 S0 o
S -2x,+7x, =14
P w)=653) TS 7
Initial; -oo
1
- 4 \ 4 \ > X update: 7
1 2 3 4 \5
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The Gomory Cutting Plane Method

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)




The Gomory Cutting Plane Method

Proposition 1.

If ox < f1s valid for P then

Zn: \_051 Jxl- < \_ﬁj 1s also valid for P.
1=1
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The Chavatal-Gomory Procedure

...Is determined by the following proposition

Proposition 2.

Let P = {xe 7" Ax<bx 2 O}, where A = (al.j )e R™, andue R’
Then

Zn: LG: u;a,; ij < Li uibiJ
J i=l1 i=l1

=1
or equivalently

n

Z\_uTaijj = \_“TbJ

J=1

wherea; 1s j ™ column of A, is valid constraint for P.
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Proposition 3

If ax = fis valid for P then

n

> (o, —|a, )x, = | 8]

=1
1s also valid for P.

Proof. ax < f is obviously valid, so by Proposition 1,

lab<[pl vaep
= Zn:aixi—zn:LainiZﬂ—LIBJ, vVxe P

& gwi—La,.J)xizﬂ—w Vxe P
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The Dual Simplex Method

Initial tableau: Egn| x, x, | RHS
1
: y 1 r
m

< Yo O o

Assumption: y, = 0 (if max. problem); y, <0 (if min. problem)

1. If r = 0 the STOP: basic feasible solution is optimal.

Else select row i such that r; = min,{r} (i.e. select row with the most
negative RHS).

2. Ify; 20 forall jthen STOP: dual is unbounded, so primal is infeasible.
Else choose je N such that | = arg min{|y,/y;|: jeN, y; < 0}

3. Pivot so that j enters the basis and i leaves the basis. Go to Step 1.
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Example 3 (repeat example)

max z="7x,+9x,
st. —x,+3x,<6
Tx, +x, <35

X, X, € L,

Final tableau after Simplex method:

eqn 1 2 s1 s2 RHS Ratio test

X X
1 0 1 7/22 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
z 0 0 2 6/11 1 4/11 63 Rz=Rz+10*R2'

Gomory cut due to row 1 is 7/22s, + 1/22s, = 1/2
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Example 3 (repeat example)

Add cut 7/22s, + 1/22s, = 1/2 to tableau.
Applying dual simplex to the new tableau:

eqn x1 x2 s1 s2 s3 RHS

1 0 1 7/22 1/22 0 3 1/2

2 1 0 1/22 3/22 0 4 1/2

3 0 0 - 7/22 - 1/22 1 - 1/2

z 0 0 2 6/11 1 4/11 0 63

Ratio Test 8 30

eqn x1 x2 s s2 s3 RHS

1 0 1 0 0 1 3 R1=R1-R3"7/22
2 1 0 0 1/7 1/7 4 477 R2=R2-R3'/22
3 0 0 1 1/7 -3 1/7 1 4/7 R3'=R3*-22/7
z 0 0 0 1 8 59 Rz=Rz-R3'28/11
Ratio Test

Optimal solution: x; = 32/7, X, = 3, z = 99
Gomory cut due to row 2 is 1/7s, + 6/7s5 2 4/7
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Example 3 (repeat example)

Add cut 1/7s, + 6/7s5 2 4/7 to tableau.
Applying dual simplex to the new tableau:

egn x1 x2 s s2 s3 s4 RHS

1 0 1 0 0 1 0 3

2 1 0 0 1/7 - 177 0 4 477

3 0 0 1 1/7 -3 1/7 0 1 4/7

4 0 0 0 1/7 - B/7 1 4/7

z 0 0 0 1 8 0 59

Ratio Test 7 9.3333333

egn x1 X2 si s2 s3 s4 RHS

1 0 1 0 0 1 0 3 R1=R1

2 1 0 0 0 -1 1 4 R2=R2-1/7*R4'
3 0 0 1 0 -4 1 1 R3=R3-1/7*R4'
4 0 0 0 1 6 -7 4 R4'=R4*-7

z 0 0 0 0 2 7 55 Rz=Rz-R4'

Optimal solution: x, = 4, x, = 3, z = 55 (integer!!)
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Column Generation and Dantzig-

Wolfe Decomposition
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Algorithm to solve the Master LP

Step 0:
Choose an initial set of columns As.

Step 1:

Solve the Restricted LP to obtain optimal basic solution y and
corresponding duals w.

Step 2:
Note that x given by
X;=J, if column /is in As; 0, otherwise
IS a basic feasible point for the Master LP and is optimal if
uA <c.

Solve column generation subproblem:
zs'0 = min{c, — ua;: a, is a column of A}

If zsub > 0 then STOP: x is optimal for Master LP.
Otherwise add a, such that ¢, — ua, = zs' to As and go to Step 1.

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Human Resource Planning (HRP)

Tasks to be performed: 1, 2, ..., n
h, = time required for task i (hours)
H = max number of hours worker can work in a day

What is the minimum workforce required?

Subproblem::
rmax Zn:u L
7 =1-451 g
> hy,<H
yle 0l Vil
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DW Decomposition...

A—maxd Gy Zﬂixi +C? Zﬂfxf

t=1 |
z=max Cx'+C*x* s.t.
T
s.t. ‘Z‘: g
1.1 1 —
B d —
T,
2 2
< )
Dixe —d Z A=
Aixe TAEE &
T T,
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Pricing subproblems...

Restricted Master LP
il i Pricing subproblem for x'
max z, =C'x' - pA'x' -7,

O S.I.
‘Tl‘ 1 Dl 1<d1
Y=l il X =
t=1
Y x' >0
&1 (a7 s
; ( ) Pricing subproblem for x2
‘Tl Az max z :C2 2 A2 2_72_
A'l > Ax, |[+A° Lﬂfxf <b (dual:p) 2 P 2
= E s.t.
/11 =0 =L T1 D2X2 < d2
A, p=i.. x2 >0
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Quadratic Models
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Portfolio Optimisation: Xpress"F Example

An investor is evaluating ten different securities ('shares').
He estimates the return on investment for a period of one year.

He further wishes to invest at least half of his capital in North-
American shares and at most a third in shares.

How should the capital be divided among the shares to minimize
the risk whilst obtaining a certain target yield?

The investor adopts the Markowitz idea of getting estimates of
the variance/covariance matrix of estimated returns on the
securities.
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Portfolio Optimisation: Xpress'P Example

Given
|max = max. investment per share (%)
IMin = min. investment into North American share (%)

S = set of all shares

A = set of North American shares

T = target yield (%)

R, = estimated return in investment for share p (%)
Cov = covariance matrix of estimated return

Variable:
X, = fraction of capital invested in share p
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Small Example

Budget = $2,000 (spend all)
Minimum return required = 5%

-

| 12625 2.1 | x
min (x1 X, )l
21 3604 x,
S.IL.
14.5x +5.6x, >10000 B, s
2000 100
x; +x, =2000
X, x, 20
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Portfolio Optimisation: Xpress'P Example

min Z Z cov(p, q)xpxq

peS qge s

S.I.
pr > [min

peA

przl

pesS

x, <I™, Vpes

Y Rx, 2T

peS

x,20, Vpes
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