
620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 1

620620--362 362 

Applied Operations ResearchApplied Operations Research

MidMid--Semester Test RevisionSemester Test Revision

Department of Mathematics and StatisticsDepartment of Mathematics and Statistics

The University of MelbourneThe University of Melbourne

This presentation has been made in accordance with the provisionThis presentation has been made in accordance with the provisions of Part VB of the copyright s of Part VB of the copyright 
act for the teaching purposes of the University.act for the teaching purposes of the University.

For use of students of the University of Melbourne enrolled in tFor use of students of the University of Melbourne enrolled in the subject 620he subject 620--362.362.

CopyrightCopyright©©2008 by 2008 by HengHeng--Soon Soon GanGan

Some contents of this presentation are adapted from year 2005 coSome contents of this presentation are adapted from year 2005 course notes for 620urse notes for 620--362 362 
Applied Operations Research, Department of Mathematics and StatiApplied Operations Research, Department of Mathematics and Statistics, The University of stics, The University of 

Melbourne (compiled by Prof Natashia Boland and Dr Renata Melbourne (compiled by Prof Natashia Boland and Dr Renata SotirovSotirov))



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 2

Overview: What to revise?Overview: What to revise?
•• Mixed integer program modellingMixed integer program modelling

–– Piecewise linear functionsPiecewise linear functions
–– BigBig--M constraintsM constraints
–– Other Other ““creativecreative”” use of binary/integer variablesuse of binary/integer variables
–– ““GoodGood”” and and ““badbad”” modelsmodels

•• BranchBranch--andand--boundbound
–– The branchThe branch--andand--bound procedure.bound procedure.
–– Use graphical method to solve LP.Use graphical method to solve LP.

•• The The GomoryGomory cutting plane methodcutting plane method
–– ProofsProofs
–– Derive Derive GomoryGomory cutscuts
–– The dual simplex methodThe dual simplex method

•• Column generation & Column generation & DantzigDantzig--Wolfe ReformulationWolfe Reformulation
–– Pricing Pricing subproblemsubproblem
–– DD--W reformulationW reformulation

•• Modelling quadratic modelsModelling quadratic models
–– Determine covariance matrixDetermine covariance matrix
–– Model problemModel problem
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MIP ModellingMIP Modelling
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Integer Programming ModellingInteger Programming Modelling

•• Knapsack Problems (Capital Budgeting)Knapsack Problems (Capital Budgeting)

•• Set Covering/Partitioning/Packing (Human resource Set Covering/Partitioning/Packing (Human resource 

planning)planning)

•• Facility Location ProblemsFacility Location Problems

•• LotLot--sizing Problemssizing Problems

•• Logic and Disjunctive ConstraintsLogic and Disjunctive Constraints

•• Piecewise Linear FunctionsPiecewise Linear Functions

•• Quadratic Assignment ProblemsQuadratic Assignment Problems

•• Hub Location Problems (Postal Service Planning)Hub Location Problems (Postal Service Planning)

•• Vehicle Routing/Travelling SalespersonVehicle Routing/Travelling Salesperson
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Modelling Logic And Disjunctive ConstraintsModelling Logic And Disjunctive Constraints

Logical statements, such as implications, can be modelled using Logical statements, such as implications, can be modelled using binary variables.binary variables.

Facility location problem: no more than 10 new facilities to be Facility location problem: no more than 10 new facilities to be constructedconstructed

Can put facilities at both sites 1 and 2 or at neitherCan put facilities at both sites 1 and 2 or at neither

Cannot put facilities at both sites 3 and 4Cannot put facilities at both sites 3 and 4

If put facility at site 5, must also put facility at site 6If put facility at site 5, must also put facility at site 6
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Disjunctive InequalitiesDisjunctive Inequalities

Machine maintenance scheduling:Machine maintenance scheduling:
–– Schedule time Schedule time tt to perform maintenance on machineto perform maintenance on machine
–– Machine will be in use between time Machine will be in use between time TT11 and and TT22

–– Deadline on maintenance is time Deadline on maintenance is time TT

Disjunctive constraint:Disjunctive constraint:
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Modelling Logical RelationsModelling Logical Relations

Select at most one (packing):Select at most one (packing):

Select precisely one (partitioning):Select precisely one (partitioning):

Select at least one (covering):Select at least one (covering):

Special conditions:Special conditions:
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Production SchedulingProduction Scheduling
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Penalties on Soft ConstraintsPenalties on Soft Constraints

To model as an LP, introduce two new variablesTo model as an LP, introduce two new variables

yy = # hours early= # hours early
zz = # hours late= # hours late

viavia
y y ≥≥ 12 12 –– t, y t, y ≥≥ 00

z z ≥≥ t t –– 14, z 14, z ≥≥ 00

with objective functionwith objective function
min min …… + 20y + 50z + + 20y + 50z + ……

cost

slope = 50slope = 20

time t
12 14
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Max. a Piecewise Linear Concave FunctionMax. a Piecewise Linear Concave Function

ExampleExample::
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Example: Piecewise Linear FunctionExample: Piecewise Linear Function

To complete the MIP model of the piecewise linear cost function To complete the MIP model of the piecewise linear cost function 
cc, we note that , we note that cc can be expressed ascan be expressed as
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LinearisingLinearising the QAP Modelthe QAP Model
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Project ManagementProject Management
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Employee shift coveringEmployee shift covering
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A Formal DefinitionA Formal Definition

•• Model MModel M11 is is at least as good asat least as good as model Mmodel M22 if if 

RR11 ⊆⊆ RR22

•• Model MModel M11 is is betterbetter than model Mthan model M22 if if 

RR1 1 ⊂⊂ RR22

•• Model MModel M11 is is betterbetter than model Mthan model M22 with respect with respect 

to objective to objective cxcx ifif

maxmaxxx∈∈R1R1 cxcx < < maxmaxxx∈∈R2R2 cxcx
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UncapacitatedUncapacitated Facility Location (UFL)Facility Location (UFL)

vsvs

{ } Iix

JjIiy

Iimxy

Jjyts

xfyc

i

ij

i

Jj

ij

Ii

ij

Ii

ii

JjIi

ijij

∈∀∈

∈∈∀≥

∈∀≤

∈∀=

+

∑

∑

∑∑

∈

∈

∈∈∈

,1,0

,,0

,

,1..

min
,

{ } Iix

JjIiy

JjIixy

Jjyts

xfyc

i

ij

iij

Ii

ij

Ii

ii

JjIi

ijij

∈∀∈

∈∈∀≥

∈∈∀≤

∈∀=

+

∑

∑∑

∈

∈∈∈

,1,0

,,0

,,

,1..

min
,



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 17

LotLot--Sizing ProblemSizing Problem
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HRP HRP –– Assignment ModelAssignment Model

……might have other restrictions, e.g. some jobs cannot be done by might have other restrictions, e.g. some jobs cannot be done by the same worker.the same worker.

Any problems?Any problems?

SYMMETRY SYMMETRY –– every worker is identicalevery worker is identical

(May also have symmetry if several jobs require same length of t(May also have symmetry if several jobs require same length of time.)ime.)
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HRP HRP –– Assignment ModelAssignment Model

How can we break symmetry?How can we break symmetry?

One way is to include the following set of constraints:One way is to include the following set of constraints:

Considers only solutions where the number of jobs Considers only solutions where the number of jobs 
assigned to a worker is nonassigned to a worker is non--decreasing with decreasing with 
increasing worker increasing worker ““indexindex””..
–– This is reasonable since any feasible solution obtained for This is reasonable since any feasible solution obtained for 

this problem can be arranged in this order.this problem can be arranged in this order.

( ) mjzz
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AlsoAlso……

review other MIP modelling review other MIP modelling 

problems (lectures and practice problems (lectures and practice 

classes)classes)
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The BranchThe Branch--andand--Bound MethodBound Method
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BranchBranch--andand--Bound Algorithm (Max. prob.)Bound Algorithm (Max. prob.)

INITIALISE: 
zIP:= -∞
IP1:= IP

L

All nodes explored,
i.e. L = Ø?

zIP is optimal value.
if zIP > -∞ then xIP is 

optimal solution.

Y

Select node i to 
explore, L:=L\{i}

Is LPi feasible?

N

Y

N

Solve LPi to get 
solution xi

cxi
≤ zIP?

Fathom 
node i

Y

zIP:= cxi, xIP:= xi

N

xi integer?
Y

Try to fathom unexplored 
nodes, i.e. for each j∈L, 

L:=L\{j} if zj
≤ zIP

Branch on xi
k fractional.

Create two new nodes i1, i2:
zi1:= cxi, zi2:= cxi

LPi1:= LPi plus constraint xk ≤ x
i
k

LPi2:= LPi plus constraint xk ≥ x
i
k +1

L:= L U {i1, i2}

N
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LPLP--based Branchbased Branch--andand--BoundBound

Example 1Example 1

integer ,

2726

1472 s.t.

2max

21

21

21

21

xx

xx

xx

xxz

≤+

≤+−

+=

1x

2x

1

1

2

3

4

2 3 4 5

1472 21 =+− xx

2726 21 =+ xx

( ) ( )3,5.3, 21 =xx

5.9=z

NONE=objectiveBest 
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Example 1: B&B TreeExample 1: B&B Tree

integer ,

2726

1472 s.t.

2max

21

21

21

21

xx

xx

xx

xxz

≤+

≤+−

+= z=9.5, zUB = ∞
x=(3.5,3)

z=8.72, zUB = 9.5
x=(3,2.86)

31 ≤x

z=7, zUB = 9.5
x=(4,1.5)

41 ≥x

Node 1

Node 2

z=7, zUB = 8.72
x=(3,2)

INTEGER
INFEASIBLE

22 ≤x 32 ≥x 12 ≤x 22 ≥x
Node 3 Node 4

Node 5

zLB

initial: -∞

update: 7 

pruned, since 

z ≤ zLB

1x

2
x

1

1

2

3

4

2 3 4 5

1472 21 =+− xx

2726
21

=+ xx

( ) ( )3,5.3,
21

=xx
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The The GomoryGomory Cutting Plane MethodCutting Plane Method
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The The GomoryGomory Cutting Plane MethodCutting Plane Method

Proposition 1.Proposition 1.

    .for   validalso is 

 thenfor   validis  If

n

1i

i Px

Pβαx

i βα ≤

≤

∑
=
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The The ChavChaváátaltal--GomoryGomory ProcedureProcedure

……is determined by the following propositionis determined by the following proposition

Proposition 2.Proposition 2.

{ } ( ) . and ,  where,0Let x mnm
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Proposition 3Proposition 3

 ( )  

.for   validalso is

 

 then for   validis  If
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The Dual Simplex MethodThe Dual Simplex Method
Initial tableau:Initial tableau:

Assumption:Assumption:

1.1. If r If r ≥≥ 0 the STOP: basic feasible solution is 0 the STOP: basic feasible solution is optimaloptimal. . 
Else select row iElse select row i such that such that rrii = = minminjj{r{rjj} (i.e. select row with the most } (i.e. select row with the most 
negative RHS).negative RHS).

2.2. If If yyijij ≥≥ 0 for all j then STOP: dual is unbounded, so primal is 0 for all j then STOP: dual is unbounded, so primal is infeasibleinfeasible..

Else choose Else choose jj∈∈NN such that j = such that j = argarg min{|ymin{|y0j0j/y/yijij|: |: jj∈∈NN, , yyijij < 0}< 0}

3.3. Pivot so that j enters the basis and i leaves the basis. Go to SPivot so that j enters the basis and i leaves the basis. Go to Step 1.tep 1.

00 0

1

ryz

rIy

m

RHSxxEqn BN

M

( )problem min. if 0 problem); max. (if 0 00 ≤≥ yy
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Example 3 (repeat example)Example 3 (repeat example)

Final tableau after Simplex method:Final tableau after Simplex method:

GomoryGomory cut due to row 1 is 7/22scut due to row 1 is 7/22s11 + 1/22s+ 1/22s22 ≥≥ 1/21/2

+∈

≤+

≤+−

+=

Zxx

xx

xxts

xxz

21

21

21

21

,

357

63..

97max

eqn x1 x2 s1 s2 RHS Ratio test

1 0 1 7/22 1/22 3 1/2 R1=R1+R2'/3

2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22

z 0 0 2 6/11 1 4/11 63 Rz=Rz+10*R2'
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Example 3 (repeat example)Example 3 (repeat example)

Add cut 7/22sAdd cut 7/22s11 + 1/22s+ 1/22s22 ≥≥ 1/2 to tableau. 1/2 to tableau. 

Applying dual simplex to the new tableau:Applying dual simplex to the new tableau:

Optimal solution: xOptimal solution: x11 = 32/7, x= 32/7, x22 = 3, z = 59= 3, z = 59

GomoryGomory cut due to row 2 is 1/7scut due to row 2 is 1/7s22 + 6/7s+ 6/7s33 ≥≥ 4/74/7

eqn x1 x2 s1 s2 s3 RHS

1 0 1 7/22 1/22 0 3 1/2

2 1 0 - 1/22 3/22 0 4 1/2

3 0 0 - 7/22 - 1/22 1 - 1/2

z 0 0 2 6/11 1 4/11 0 63

Ratio Test 8 30

eqn x1 x2 s1 s2 s3 RHS

1 0 1 0 0 1 3 R1=R1-R3'*7/22

2 1 0 0 1/7 - 1/7 4 4/7 R2=R2-R3'/22

3 0 0 1 1/7 -3 1/7 1 4/7 R3'=R3*-22/7

z 0 0 0 1 8 59 Rz=Rz-R3'28/11

Ratio Test
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Example 3 (repeat example)Example 3 (repeat example)

Add cut 1/7sAdd cut 1/7s22 + 6/7s+ 6/7s33 ≥≥ 4/7 to tableau. 4/7 to tableau. 

Applying dual simplex to the new tableau:Applying dual simplex to the new tableau:

Optimal solution: xOptimal solution: x11 = 4, x= 4, x22 = 3, z = 55 (integer!!)= 3, z = 55 (integer!!)

eqn x1 x2 s1 s2 s3 s4 RHS

1 0 1 0 0 1 0 3

2 1 0 0 1/7 - 1/7 0 4 4/7

3 0 0 1 1/7 -3 1/7 0 1 4/7

4 0 0 0 - 1/7 - 6/7 1 - 4/7

z 0 0 0 1 8 0 59

Ratio Test 7 9.3333333

eqn x1 x2 s1 s2 s3 s4 RHS

1 0 1 0 0 1 0 3 R1=R1

2 1 0 0 0 -1 1 4 R2=R2-1/7*R4'

3 0 0 1 0 -4 1 1 R3=R3-1/7*R4'

4 0 0 0 1 6 -7 4 R4'=R4*-7

z 0 0 0 0 2 7 55 Rz=Rz-R4'
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Column Generation and Column Generation and DantzigDantzig--

Wolfe DecompositionWolfe Decomposition
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Algorithm to solve the Master LPAlgorithm to solve the Master LP
Step 0:Step 0:

Choose an initial set of columns AChoose an initial set of columns Ass..

Step 1:Step 1:

Solve the Restricted LP to obtain optimal basic solution Solve the Restricted LP to obtain optimal basic solution yy and and 
corresponding duals corresponding duals uu..

Step 2:Step 2:

Note that Note that xx given by given by 
xxii = = yyii, if column , if column ii is in Ais in Ass; 0, otherwise; 0, otherwise

is a basic feasible point for the Master LP and is optimal if is a basic feasible point for the Master LP and is optimal if 
uAuA ≤≤ c.c.

Solve column generation Solve column generation subproblemsubproblem: : 
zzsubsub = = min{cmin{cii –– uauaii: : aaii is a column of A}is a column of A}

If If zzsubsub
≥≥ 0 then STOP: 0 then STOP: xx is optimal for Master LP.is optimal for Master LP.

Otherwise add Otherwise add aaii such that such that ccii –– uauaii = = zzsubsub to Ato Ass and go to Step 1.and go to Step 1.
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Human Resource Planning (HRP)Human Resource Planning (HRP)

Tasks to be performed: 1, 2, Tasks to be performed: 1, 2, ……, n, n
hhii = time required for task i (hours)= time required for task i (hours)

H = max number of hours worker can work in a dayH = max number of hours worker can work in a day

What is the minimum workforce required?What is the minimum workforce required?
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DW DecompositionDW Decomposition……
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Pricing Pricing subproblemssubproblems……

Restricted Master LPRestricted Master LP
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Quadratic ModelsQuadratic Models
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample

An investor is evaluating ten different securities (`shares').An investor is evaluating ten different securities (`shares').

He estimates the return on investment for a period of one year. He estimates the return on investment for a period of one year. 

He further wishes to invest at least half of his capital in NortHe further wishes to invest at least half of his capital in Northh--
American shares and at most a third in shares. American shares and at most a third in shares. 

How should the capital be divided among the shares to minimize How should the capital be divided among the shares to minimize 
the risk whilst obtaining a certain target yield? the risk whilst obtaining a certain target yield? 

The investor adopts the The investor adopts the MarkowitzMarkowitz idea of getting estimates of idea of getting estimates of 
the variance/covariance matrix of estimated returns on the the variance/covariance matrix of estimated returns on the 
securities.securities.
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Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample

GivenGiven

IImaxmax = max. investment per share (%)= max. investment per share (%)

IIminmin = min. investment into North American share (%)= min. investment into North American share (%)

S = set of all sharesS = set of all shares

A = set of North American sharesA = set of North American shares

T = target yield (%)T = target yield (%)

RRpp = estimated return in investment for share = estimated return in investment for share p p (%)(%)

CovCov = covariance matrix of estimated return= covariance matrix of estimated return

Variable:Variable:

xxpp = fraction of capital invested in share = fraction of capital invested in share pp
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Small ExampleSmall Example

Budget = $2,000 (spend all)Budget = $2,000 (spend all)

Minimum return required = 5%Minimum return required = 5%

( )















≥

=+

≥+


















0,

2000

100006.55.4

..

04.361.2

1.225.26
min

21

21

21

2

1

21

xx

xx

xx

ts

x

x
xx

( )

100

5

2000

100
6.55.4 21

≥

+ xx



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 42

Portfolio Optimisation: Portfolio Optimisation: XpressXpressMPMP ExampleExample
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