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Mathematical Programming Models

• Linear programming
– Simplex method

• Network programming
– Min cost spanning tree methods

– Shortest path methods

• Integer/Mixed Integer programming
– Branch-and-bound

– Cutting plane methods

• Nonlinear programming
• Stochastic programming
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…

• Other approaches
– Approximation algorithms

– Metaheuristics
– Heuristics

– Constraint programming

• Key issues
– Computational complexity
– Decision vs Optimisation
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What is Mathematical Programming?

X = vector of decision variables
= (decision variable 1, decision variable 2, …)

minimise/maximise goal = a function of X
subject to constraints on X

Usually constraints need to be linear, e.g.
3 x (decision variable 1) + 2 x (decision variable 2) + … <= 100
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…

Goal functions are often nonlinear as well as 
linear, e.g.
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LP Model: Pollution Reduction

Total reduction required: 30 tonnes pollutant 1
40 tonnes pollutant 2

Objective: Reduce pollutant to required levels at minimum cost

$200.30.4Factory 3

$100.250.2Factory 2

$150.450.1Factory 1

Cost/ 
tonne

Pollutant 2 
reduction/t

Pollutant 1 
reduction/t
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Underlying assumptions
1. Can process any real (R) number of tonnes e.g. 

9.63541 tonnes.
2. Total pollution reduction is sum of reductions from 3 

factories.
3. Certainty, e.g. there is no fluctuation in the reduction 

obtained by the process.
4. Raw waste output will not change.
5. Pollutant reduction rate is independent of number of 

tonnes processed.
6. Cost of process is independent of amount 

processed.

How realistic are these assumptions?
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LP Modelling
1. Define decision variables

Let xi be the number of waste processed at factory i for i = 
1,2,3.

2. Model objective
minimise 15x1 + 10x2 + 20x3

3. Model constraints
Pollutant 1 reduced by
0.1x1 + 0.2x2 + 0.4x3 >= 30

Pollutant 2 reduced by
0.45x1 + 0.25x2 + 0.3x3 >= 40

$200.30.4Factory 3

$100.250.2Factory 2

$150.450.1Factory 1

Cost/ 
tonne

Pollutant 2 
reduction/t

Pollutant 1 
reduction/t
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The LP Model
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Why are Math. Programming Models Used?

• To model the effects of a large number of complex 
interrelated decisions.

• To quickly evaluate the effects of decisions when 
doing do manually is too time consuming.
– An advanced “calculator”

• To find a “best” set of decisions with respect to some 
goal, or goals.

• To provide answers in “what-if” analyses: are the 
proposals feasible and if so what impact will they 
have?

• To understand why input data is infeasible
– An infeasibility checker
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Can Mathematical Programs be solved?

Minimise

Maximise

Economy of scale
(concave)

Quadratic
(convex)

Linear

xyx or   includes 2
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Solving Math. Programs: the State of the Art

• Linear programs
– fast, efficient software available
– reliable and robust
– large problems can be solved (100,000’s or more variables, 

1000’s constraints)
– wide variety of software
– good “front-end” modelling languages

• Network programs
– extremely fast and efficient
– enormous problems can be solved quickly
– algorithms for a number of classes embedded in standard 

LP software
– lots of freeware
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…
• Integer/Mixed Integer Programming

– varies: some huge problems solve extremely well, some 
small problems can’t be solved at all

– a very robust model
– some extremely important success stories
– good “front-end” modelling
– generally good software available commercially

• Nonlinear programming
– some classes well solved, e.g. convex quadratic 

programming, commercial quality codes available
– in general only very small problems can be solved exactly, if 

not convex, no commercial codes of this type
– limited modelling languages
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…

• Stochastic Programming
– important classes -> large-scale specially 

structured LPs
– pushing boundary of LP technology, commercial 

software beginning to emerge

• Great websites:
– http://www-fp.mcs.anl.gov/otc/Guide/casestudies/
– http://www.tutor.ms.unimelb.edu.au/
– http://www.informs.org/
– http://www.asor.ms.unimelb.edu.au/career/
– http://www.more.ms.unimelb.edu.au/
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Why are LPs used? The Bottom Line

• Decentralising Ethanol Distribution in Southeastern Brazil, 1996
– Investment analysis using transshipment LP results in deregulation of 

fuel distribution, with expected internal rate of return for Government of 
84% p.a. and for distributors of 60%-71% p.a.

• Integrated Planning for Poultry Production at Sadia (Brazil) 
1996
– Large LPs constribute to $50 million savings over 3 years through 

optimization of production throughout the production chain.

• Optimising Army Base Realignment, 1998
– Mixed-integer LP saved $360 million in costs of base closure and 

realignment (European base closures cost $58 million less through 
Integer LP, 1995)


