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Heuristic Types

1. Building

2. Changing
— Exchange heuristics

— Metaheuristics
« Simulated annealing
 Tabu search
« Genetic algorithms
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Building Heuristics: TSP

TSP: Travelling Salesperson Problem

What order should salesperson visit customers in (a
tour) so as to minimize travel costs?

/TOUF

Depot
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Building Heuristics: TSP

1. Nearest neighbour heuristic
Choose any starting node.

Given a path so far, add on nodes not in path, but at
least cost (closest) to path at end of path.

1

start Cost of tour
5 =21+2+2+7.7+74
=21.2

2 3 4 5

4 1 2.9 7.4 71 2.1

2 7.7 2 9.6

3 6.7 3.9

4 2
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Building Heuristics: TSP

2. Qreedy

Choose the cheapest edge and put it in the tour.

Add the cheapest edge not already in the tour, which if added,
would not create a subtour, to the tour.

Also the edge to be added can't create a degree 3 node!

1 Cost of tour

=21+2+2+7.7+74

=21.2
, 3 4 5
1| 29| 74| 71| 241
4 2 771 2| 96
3 6.7| 3.9
. kth edge chosen 4 5
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Building Heuristics: TSP

3. Nearest Insertion

Given subtour T, look for node i closest to any node in T, say i
closestto jin T, where I-jkis in T.

If i is closer to / than to k, insert /in T between [ and j;
otherwise insert i in T between jand k.

start Cost of tour

=21+39+6.7+2+29

=17.6
3 4 5
1| 29| 74| 71| 21
2 7.7 2| 96
3 67| 3.9
. edge created/removed on 4 5
the k" iteration
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Building Heuristics: Cutting Stock

Cutting Stock Problem
Minimise the amount of stock used to meet demand

Stock

Demands
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Building Heuristics: Cutting Stock

1. First-fit

Assign pieces, in order given, to first stock piece Iin
which it fits.

Stock

.

Demands

.

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Building Heuristics: Cutting Stock

2. First-fit Decreasing

Assign pieces, in non-increasing order, to first stock
piece in which it fits.

Stock

%
1
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Building Heuristics: Cutting Stock

3. Best-fit (tightest fit)

Assign pieces, in order given, to stock piece in which
it fits best, i.e. tightest — with least room to spare.

Stock

% Demands

.
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Local search heuristics

Combinatorial optimization problem:

min  f(x)

st. xe S

A neighbourhood of a point xe S is a set of
“nearby” points in S, denoted by N(x) c S.

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Iterative Improvement Algorithm
1.

Choose initial xe S. Set i:=0
Select ye N(x) at random.

If {(y) < f(x) then
setx=y,1I=0
otherwise ii=1+ 1.

If i < Mthen go to Step 2, otherwise go to Step 5.

If for all ye N(x), f(y) =2 f(x) then STOP: xis a local
optimum.

Else choose ye N(x) with f(y) < f(x), go to Step 3.

620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne)



Iterative Improvement Algorithm
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y found in N(x) with

search continues...
fly) < f(x)
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Iterative “Steepest Descent” Algorithm
1. Choose initial xe S.

2. For every ye N(x) calculate f(y).
Set x''=argmin {f(y)l y€E N(x)}

3. If (xX) < f(x) then x:= X. Go to Step 2.
Otherwise STOP: x is locally optimum.

Optional. Random restart: if not had enough, go
to Step 1.
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Defining Neighbourhoods

The choice of neighbourhood is critical to the
effectiveness of any local search method.

We will look at some examples for TSP.
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Defining Neighbourhood: TSP
1. 2-SWAP OR 2-EXCHANGE NEIGHBOURHOQOD

Exchange the positions of 2 cities in tour.

Neighbourhood of a tour is set of tours that can be obtained as a result of a
2-SWAP applied to the tour.

How many tours are there in this neighbourhood?
How many edges (arcs) are affected by a 2-SWAP?
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Defining Neighbourhood: TSP

2. 1-INSERTION NEIGHBOURHOQOD

Select a city and move it into a new position in the tour.
How many edges are affected?
How big is the neighbourhood?

- OO
°° ||~
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Defining Neighbourhood: TSP

3. 2-OPT NEIGHBOURHOQOD

Exchange two edges in tour for two edges not in tour.
How many edges affected?
Size of neighbourhood?

O o NG
YN\
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Defining Neighbourhood: TSP

4. 3-OPT NEIGHBOURHOQOD

Exchange 3 edges in tour for 3 edges not in tour.
Note: 1-insertion is a special case of 3-Opt

S

e
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Defining Neighbourhood: TSP
5. OR-OPT NEIGHBOURHOOD

Special case of 3-OPT in which strings of 3 adjacent cities in
the tour are inserted between two other cities.

:‘: - : Qe
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Defining Neighbourhood: TSP

6. LIN-KERNIGHAN (Variable r-OPT)

Decides dynamically at each iteration how big to make r, and
then exchanges r edges in tour for r edges not in tour.

Note: The -OPT “algorithm” for r = 2,3 and other
neighbourhood algorithms usually refer to a
“steepest descent” algorithm applied with the
corresponding neighbourhood definition.

(Tour Improvement Heuristics)

Other algorithms e.g. simulated annealing, tabu search,
can be based on any combination of these
neighbourhood definitions.
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Simulated Annealing

Given a sequence {T,,T,,...,T¢}, called the cooling schedule,
suchthat Ty,>T,>...> 'IEF:

1. Setti=T, 1=0.Choose initial xe S. z:= f(x), X":= X

2. Ift<Tgthen STOP: X' is best.
Otherwise select ye N(x) at random.

3. h;] f(y) < f(x), or r <= e™[(f(x)-f(y))/t] where re[0,1] is random,
then
Xi=Y
if f(x) < z then z:= f(x), X:= X

4. i=1+1,t:=T,
Go to Step 2.
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Simulated Annealing: Cooling schedule

* Initial temperature, T,:

Select so that initially all uphill moves are accepted. e.g. T, =
max possible function variation in a neighbourhood

Example: For 2-OPT, choose T, = length of 2 longest edges —
length of 2 shortest edges

« Geometric cooling:
T,.1:=oT,for some ce(0,1).
o close to 1 implies slow cooling.

* Final Temperature, T:

Te = €/log(N) where € > 0 small and N = max,_g |N(x)|
e.g. for 2-OPT choose T¢ = ¢/log(2n(n-3))
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Good Neigbourhoods

1. Not too large, or too time-consuming to enumerate
(definitely polynomial size).

2. Between any x,ye S there is a sequence {z,=X, z,,
Z,,...,Z = Y} with ze S for all i=0,...,k such that
zeN(z ) forall i = 1,...,k. (Connectivity Property)

3. The variance of objective function values across
neighbourhoods should be small.

4. Having calculated f(x), calculating f(x’) for x’e N(x) Is
very quick.
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Scheduling on parallel machines

Machine 1

Machine 2

Machine 3

Possible neighbourhood:

* move job from one machine to another

e swap jobs between machines

« swap position of 2 jobs on a single machine
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Facility Location

W-3

10 000
x 180 000
W-
""""" 150 000
22
180 000 10 000 Ll
_‘ 30 000 \—‘
) 110 000
W-5
150 000
10 000 units W-2
70 000 70 000
10000 BokH 3 10 oooj‘e
W-1 W-6
10 000

Possible neighbourhood
— Open a new facility
— Close a facility

— Open a new facility and
close an old one

Check: Is calculating objective
value easy?

Mutiple supplier variant:
solve LP

Uncapacitated single
supplier: greedy

Capacitated single supplier:
binary LP

Add to neighbourhood:

— move client from one
facility to another

— swap clients between
facilities
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Other methods...

» Do you own research/readings on:
— Simulated annealing (other variants)

— Tabu search
— Genetic algorithm

— Ant colony optimisation, Particle swarm
optimisation

— Constraint programming
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