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Which model is better?Which model is better?
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A Formal DefinitionA Formal Definition

Consider two models for the same IPConsider two models for the same IP

MM11:: AA11x x ≤≤ bb11,, xx∈∈ZZnn
++

MM22:: AA22x x ≤≤ bb22,, xx∈∈ZZnn
++

where its integer feasible regionwhere its integer feasible region

S = {S = {xx∈∈ZZnn
++: : AA11x x ≤≤ bb11} = {} = {xx∈∈ZZnn

++: : AA22x x ≤≤ bb22}}

Let RLet R11 and Rand R22 be the LPbe the LP--relaxations of Mrelaxations of M11 and Mand M22

respectively, i.e. letrespectively, i.e. let

RR1 1 = {= {xx∈∈RRnn
++:: AA11x x ≤≤ bb11}}

RR22 = {= {xx∈∈RRnn
++:: AA22x x ≤≤ bb22}}
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A Formal DefinitionA Formal Definition

•• Model MModel M11 is is at least as good asat least as good as model Mmodel M22 if if 

RR11 ⊆⊆ RR22

•• Model MModel M11 is is betterbetter than model Mthan model M22 if if 

RR1 1 ⊂⊂ RR22

•• Model MModel M11 is is betterbetter than model Mthan model M22 with respect with respect 

to objective to objective cxcx ifif

maxmaxxx∈∈R1R1 cxcx < < maxmaxxx∈∈R2R2 cxcx
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LP RelaxationLP Relaxation

CompareCompare

yy11 + y+ y22 ≤≤ 2x2x

vsvs

yy1 1 ≤≤ xx

yy22 ≤≤ xx

e.g.e.g.

x = 1/2 x = 1/2 

yy11 = 1/3 = 1/3 

yy22 = 2/3= 2/3
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UncapacitatedUncapacitated Facility Location (UFL)Facility Location (UFL)

A company is considering potential sites at which to A company is considering potential sites at which to 
construct new facilities.construct new facilities.

Given:Given:
II = set of = set of nn candidate sitescandidate sites

JJ = set of = set of mm clientsclients

ccijij = cost of serving client = cost of serving client jj from site from site ii

ffii = cost of operating a facility at site = cost of operating a facility at site ii

Variables:Variables:
yyijij = fraction service to client = fraction service to client jj from site from site ii

xxii = 1, if a facility is constructed at site = 1, if a facility is constructed at site ii; 0, otherwise.; 0, otherwise.
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UncapacitatedUncapacitated Facility Location (UFL)Facility Location (UFL)

Number of constraints = Number of constraints = 

m + nm + n

Implications from second constraint: for all Implications from second constraint: for all jj∈∈JJ
xxii = 0= 0 ⇒⇒ yyijij = 0= 0
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Disaggregated model for UFLDisaggregated model for UFL

Number of constraints: Number of constraints: 

mm + + mnmn

Too many constraints Too many constraints ⇒⇒ only add violated onesonly add violated ones
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UFL UFL –– Mosel CodeMosel Code
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Disaggregated UFL Disaggregated UFL –– Mosel CodeMosel Code
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Disaggregated UFL (onDisaggregated UFL (on--thethe--fly)fly)

Solve IP

Check Violation

Constraints 

added?

STOP

N

Y

Scheme 1

Solve LP

Check Violation

Constraints 

added?

Branch

N

Y

Scheme 2

Start with no yij <= 

xi constraints

Start with no yij <= 

xi constraints
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Disaggregated UFL (Scheme 1)Disaggregated UFL (Scheme 1)

Mosel CodeMosel Code
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UFL UFL –– Computational ExampleComputational Example

20 sites20 sites

40 clients40 clients

840 variables840 variables

•• Solution time?Solution time?

•• Scheme 1: only need 414 variables (Scheme 1: only need 414 variables (presolvepresolve))
–– column generation?column generation?

UFL

UFL - Disaggregated 

Model

UFL - on-the-fly 

Scheme 1 (final 

iteration)

# constraints 60 820 375

LP value (root) 103.198 300.579 300.302

Optimal MIP value 313.64 313.64 313.64

# nodes searched 55 11 17
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Capacitated Facility LocationCapacitated Facility Location

A company is considering potential sites at which to construct A company is considering potential sites at which to construct 
new facilities. Each site has a maximum capacity which it can new facilities. Each site has a maximum capacity which it can 
support. At which sites should it locate facilities and how muchsupport. At which sites should it locate facilities and how much
should each facility supply to each client?should each facility supply to each client?

Given:Given:
II = set of candidate sites= set of candidate sites

JJ = set of clients= set of clients

ccijij = cost per unit of supplying client = cost per unit of supplying client jj from site from site ii

ffii = cost of operating a facility at site = cost of operating a facility at site ii

bbii = capacity of site = capacity of site ii

ddjj = demand of client = demand of client jj

Variables:Variables:
yyijij = units supplied to client = units supplied to client jj from site from site ii

xxii = 1, if a facility is constructed at site = 1, if a facility is constructed at site ii; 0, otherwise; 0, otherwise
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Capacitated Facility LocationCapacitated Facility Location

From constraint 2: xFrom constraint 2: xii = 0 = 0 ⇒⇒ yyijij = 0= 0

Linear model: Linear model: yyijij ≤≤ MxMxii for M largefor M large

For good model, choose M as small as possible, e.g. For good model, choose M as small as possible, e.g. 

M = M = min(bmin(bii, , ddjj))
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Single Facility Supply VariantSingle Facility Supply Variant

Demand of each client must be met Demand of each client must be met completelycompletely by by oneone
facility.facility.
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LotLot--Sizing ProblemSizing Problem

To develop a production plan such that the total To develop a production plan such that the total 
cost is minimised. Total cost consists of cost is minimised. Total cost consists of 
inventory holding, production setup and inventory holding, production setup and 
production costs.production costs.

Given:Given:

1,1,……,T time periods,T time periods

ddtt = demand in period t= demand in period t

pptt = production cost in period t= production cost in period t

hhtt = holding cost in period t= holding cost in period t

cctt = set up cost in period t= set up cost in period t
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LotLot--Sizing Problem Sizing Problem –– Formulation 1Formulation 1
Variables:Variables:

yytt = production in period t= production in period t

sstt = inventory at the end of period t= inventory at the end of period t

xxtt = 1, if set up in period t; 0, otherwise.= 1, if set up in period t; 0, otherwise.
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LotLot--Sizing Problem Sizing Problem –– Formulation 2Formulation 2

Variables:Variables:
qqitit = production in period = production in period i i for demand in period t, (i for demand in period t, (i ≤≤ t)t)

xxii = 1, if set up in period i; 0, otherwise= 1, if set up in period i; 0, otherwise
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LotLot--Sizing Problem Sizing Problem –– Computational ExampleComputational Example

40 time periods40 time periods

8598598080# constraints# constraints

860860120120# variables# variables

124,258124,258124,258124,258Optimal MIP Optimal MIP 

valuevalue

124,258124,258117,268117,268LP value LP value 

(root)(root)

Formulation Formulation 

22
Formulation Formulation 

11
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LotLot--Sizing Problem Sizing Problem –– Formulation 2Formulation 2

Extreme points of this formulation are integer points!! (for intExtreme points of this formulation are integer points!! (for integer variables)eger variables)
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Set Covering & Partitioning ModelsSet Covering & Partitioning Models
–– airline crew schedulingairline crew scheduling

–– bus crew schedulingbus crew scheduling

–– train driver rosteringtrain driver rostering

–– vehicle routingvehicle routing

–– binary cutting stockbinary cutting stock

For all of these problems there is more than one formulation thaFor all of these problems there is more than one formulation that t 
seems reasonable.seems reasonable.

In all cases, a set covering or partitioning model performs muchIn all cases, a set covering or partitioning model performs much
better than the alternatives.better than the alternatives.

Set covering/partitioning models can be especially useful for Set covering/partitioning models can be especially useful for 
eliminating or reducing eliminating or reducing symmetrysymmetry, which causes problems for , which causes problems for 
the branchthe branch--andand--bound algorithm.bound algorithm.
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Human Resource Planning (HRP)Human Resource Planning (HRP)

Tasks to be performed: 1, 2, Tasks to be performed: 1, 2, ……, n, n
hhii = time required for task i (hours)= time required for task i (hours)

H = max number of hours worker can work in a dayH = max number of hours worker can work in a day

What is the minimum workforce required?What is the minimum workforce required?

An An ““assignmentassignment”” modelmodel……
zzijij = 1, task i is done by worker j; 0, otherwise= 1, task i is done by worker j; 0, otherwise

wwjj = 1, worker j used; 0, otherwise= 1, worker j used; 0, otherwise

forallforall all j = 1, 2, all j = 1, 2, ……, m where, m where

m = upper bound on number of workers requiredm = upper bound on number of workers required

(Note: obviously m (Note: obviously m ≤≤ n)n)
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HRP HRP –– Assignment ModelAssignment Model

……might have other restrictions, e.g. some jobs cannot be done by might have other restrictions, e.g. some jobs cannot be done by the same worker.the same worker.

Any problems?Any problems?

SYMMETRY SYMMETRY –– every worker is identicalevery worker is identical

(May also have symmetry if several jobs require same length of t(May also have symmetry if several jobs require same length of time.)ime.)
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HRP HRP –– Assignment ModelAssignment Model

How can we break symmetry?How can we break symmetry?

One way is to include the following set of constraints:One way is to include the following set of constraints:

Considers only solutions where the number of jobs Considers only solutions where the number of jobs 
assigned to a worker is nonassigned to a worker is non--decreasing with decreasing with 
increasing worker increasing worker ““indexindex””..
–– This is reasonable since any feasible solution obtained for This is reasonable since any feasible solution obtained for 

this problem can be arranged in this order.this problem can be arranged in this order.
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HRP HRP –– Set Partitioning ModelSet Partitioning Model

SS is a is a valid task setvalid task set if if S S is a set of tasks, is a set of tasks, 

SS ⊆⊆ {1,{1,……,n} such that,n} such that

ΣΣii∈∈SS hhii ≤≤ HH

JJ = set of all possible valid task sets= set of all possible valid task sets

Variable:Variable:

xxss = 1, some worker does task set = 1, some worker does task set SS; 0, otherwise; 0, otherwise
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HRP HRP –– Set Partitioning ModelSet Partitioning Model

How do we generated the set of task sets?How do we generated the set of task sets?

–– heuristic: only consider a subset of heuristic: only consider a subset of JJ
•• create task sets from different create task sets from different ““building heuristicsbuilding heuristics””

•• partial enumerationpartial enumeration

–– exact: column generation (next lecture)exact: column generation (next lecture)
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HRP HRP –– Set Partitioning ModelSet Partitioning Model

Consider the following methods to generate a Consider the following methods to generate a 
subset of subset of JJ::

–– allocate the first unassigned task in list to first allocate the first unassigned task in list to first 
““availableavailable”” workerworker

–– sort task list in sort task list in nonnon--decreasingdecreasing order, then allocate order, then allocate 
the first unassigned task in list to first the first unassigned task in list to first ““availableavailable””
workerworker

–– sort task list in sort task list in nonnon--increasingincreasing order, then allocate order, then allocate 
the first unassigned task in list to first the first unassigned task in list to first ““availableavailable””
workerworker

–– randomise order of tasks in list, then allocate the randomise order of tasks in list, then allocate the 
first unassigned task in list to first first unassigned task in list to first ““availableavailable”” workerworker
•• you can run this for you can run this for nn timestimes
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HRP HRP –– Computational exampleComputational example

3333333333 (~7.8%, 60s)33 (~7.8%, 60s)MIP valueMIP value

232323232323MIP valueMIP value

333330.42530.42530.42530.425LP valueLP value

1 (71)1 (71)141 (530)141 (530)63,023 (242)63,023 (242)# nodes# nodes

(# simplex iterations)(# simplex iterations)

3823821,7341,7341,7341,734# variables# variables

40401171178484# constraints# constraints50 tasks50 tasks

1 (109)1 (109)1,079 (443)1,079 (443)471 (204)471 (204)# nodes # nodes 

(# simplex iterations)(# simplex iterations)

232322.2522.2522.2522.25LP valueLP value

399399984984984984# variables# variables

343487876464# constraints# constraints40 tasks40 tasks

HRPHRP

(Partition)(Partition)

HRPHRP

(Assignment (Assignment --

SymBreakSymBreak))

HRPHRP

(Assignment)(Assignment)ScenarioScenario


