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The Gomory: Cutting Plane Viethod

Definition .

Let P = {XT Z": AXE b}.

Theconstraintax £ Isvalidfor P if
XE b, "Xl P.

If Pisthefeasibleegionof anlP wesay
X£ 1svalidfor IP.
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The Gomory: Cutting Plane Viethod

Proposition 1. If x£ isvalidfor P then

n

a. x £ b isalsovalidfor P.
i=1

Proof = £a,"iandx 2 0,"i," xI P.

Therefore
x££ x,"xlI Pand | x£b, "xI P
=1 =1 =1
Since | x isinteger' xI P x£ b, "xl P
1=1 i=1
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The Chavatal-Gomoery Procedure

...Is determined by the following proposition

Proposition 2.

LetP:{xT Z" AXE b, x3 O}, whereA:(aij )T A™" andul A™.
Then

n n m
ua, X, £ ub
j=1 =1 i=1
or equivalenty

n
uTaj X £ u'b
j=1

wherea; Is j™ columnof A, is valid constrainfor P.
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Propesition; 2

Proof. ax £h,"i=1 ,m, "xI P.

j=1
Sinceu, 3 Oit follows

n

a X, £ub,

i."xlI P

m n m
a; X £ u
=1 J:]_ i=1

b, "xi P

ua x, £ u
=1 =1 i=1
ua, x, £ ub , "xI P(byPropositionl)

=1 =1 i=1
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Example 1.

- X, +3X, £6

, % +X,£35
- -x£0
- X%, £0

If we choose u=(7/22, 1/22, 0, 0), then

P= xl Z

7122(-1) + (1/22)(7) x, + 7/22(3) + (1/22)(1) X,
7122(6) + (1/22)(35)

U
Xy 3.5

Thus, x, 3 s valid for P.

620362 Applied Operations Research (Department of M athematics & Statistics, University of Melbourne)



Example 1.

If we choose u=(1/3, 4/21, 0, 0), then

1/3(-1) + (4/21)(7) x, + 1/3(3) + (4/21)(1) x,
1/3(6) + (4/21)(35)

A

U
1 x,+ 25/21 x, 26/3

Thus, x, + X, 8is valid for P.
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Example 1.

N

X, X +tX =8 7% +X, =35
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Example 2

max X +3X,

st. 10x, +3x,£45
4x, +20x, £ 65
X, %1 Z,

I | 10x, + 3x, 45 is valid,
then X, + 3/10x, 45/10 is valid
and X, + 3/10 x, 45/10 is valid
therefore X, 4isvald

. |If 4x, + 20x, 65
then X, + 5X, 65/4 Is valid
and X, + 5%, 65/4 Iis valid
therefore X; + 5%, 16 is valid
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Example 2 (with' constraint (1))

X. increasing

objective :]_())(1 + 3)(2 =45

A
y, j
~
~
~

1 2 3 4 S
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Example 2 (With constraint: (ir))

X. increasing

objective :]_())(1 + 3)(2 =45

A
y, j
~
~
~
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Propesition 3

If x= isvalidfor Pthen

n(i' i)Xi3 -

i=1
IS alsc valid for P.

Proof. X£ isobviouslyvalid,soby Proposition1,

n

x££ , "xIP

=1

U X - x3b- , "xIP
=1 =1

0 (- i )x3b- , "xIP
=1
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TThe Gemory Method

How to use valid inequalities?

Consider the integer program

max{cx: AX b, x 0 and integer}

|dea:

First solve the associated LP relaxation and then
generate a C-G inequality on the constraint
associated with the basic variable that is not integer
(if there Is any), resolve the new LP relaxation...
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Example 3

Consider the integer program
max z=7x +9Xx,
st. -X+3X,£6

X +X%X, £35
X, %1 Z,

— add slack variables s, and s,
—note: s; =6 + X; — 3X,

S, =35 — 7X; — X,
— S, and s, must be integer (!)
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Example 2

— solve by simplex method to get LP relaxation

egn x1 X2 sl s2 RHS Ratio test

1 -1 3 1 0 6 2

2 7 1 0 1 35 35

z -7 -9 0 0 0

egn x1 X2 sl s2 RHS Ratio test

1 - 1/3 1 1/3 0 2 no ratio R1'=R1/3

2 7 1/3 0 - 1/3 1 33 4.5 R2=R2-R1'
z -10 0 3 0 18 Rz=Rz+9*R1'
eqgn x1 X2 sl S2 RHS Ratio test

1 0 1 7122 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
z 0 0 2 6/11 1 4/11 63 Rz=Rz+10*R2'

Optimal LP solution: x; =4 %, X, =3 %, z = 63
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Example 3

eqgn x1 X2 sl s2 RHS Ratio test

1 0 1 7122 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
y 0 0 2 6/11 1 4/11 |63 Rz=Rz+10*R2'

equation 1 reads
X, +7/22 s, +1/22 s, = 3%

by Proposition 3 the constraint

(L- 1)x,+ (7122 - 7122 )s, + (1122 — 1122 )s, 3% - 3%
U

1122s, + 1/22s, Y

IS a valid for IP.

valid constraint in terms of original variables:
7122(6 + X, — 3X,) + 1/22(35 - 7X, — X,) Y% U X, 3

note that LP optimum (i.e. X, = 3 ¥%2) does not satisfy this constraint
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Example 3

eqgn x1 X2 sl s2 RHS Ratio test

1 0 1 7122 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
y 0 0 2 6/11 1 4/11 |63 Rz=Rz+10*R2'

— equation 2 reads
X, -1/22 s, + 3/22 s, = 4%

— by Proposition 3 the constraint
(1- 1)x +(-1/22 - -1/22 )s, + (3122 — 3/22)s, 4% — 4%
U (-1/22 - (-1))s, + 3/22s, %
U 21/22s, + 3/22s, %

IS a valid for IP.

— valid constraint in terms of original variables:

21/22(6 + X, — 3X,) + 3/22(35 — 7X, — X,) Y% 3 1/3

(-
x
N

which is not as good as what we already have.
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Example 3

eqgn x1 X2 sl s2 RHS Ratio test

1 0 1 7122 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
y 0 0 2 6/11 1 4/11 |63 Rz=Rz+10*R2'

— equation 3 reads
28/11s, + 15/11 s, =63

— by Proposition 3 the constraint
(28/11 - 28/11 )s, + (15/11 - 15/11)s, 63 - 63
U
6/11s, +4/11s, O
IS a valid for IP.

— valid constraint in terms of original variables:
6/11(6 + X, — 3X,) + 4/11(35-7x,—X%,) O U X, +X, 8

note: this constraint does NOT cut off the original polyhedron.
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Example 3

— now add the new constraint x, 3 to the LP and
solve:

max z=7x +9Xx,
st. -X+3XE£0
X + X, £33
X, £3
X: %1 Z,
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Example 3

eqgn x1 X2 sl s2 s3 RHS Ratio test
1 -1 3 1 0 0 6 2

2 7 1 0 1 0 35 35

3 0 1 0 0 1 3 3

z -7 -9 0 0 0 0

egn x1 X2 sl s2 s3 RHS Ratio test
1 - 1/3 1 1/3 0 0 2 no ratio
2 7 1/3 0 - 1/3 1 0 33 4.5

3 1/3 0 - 1/3 0 1 1 3

z -10 0 3 0 0 18

eqgn x1 X2 sl s2 s3 RHS Ratio test
1 0 1 0 0 1 3 no ratio
2 0 0 7 1 -22 11 1.571428571
3 1 0 -1 0 3 3 no ratio
z 0 0 -7 0 30 48

eqgn x1 X2 sl s2 s3 RHS Ratio test
1 0 1 0 0 1 3

2 0 0 1 1/7 -3 1/7 1 4/7

3 1 0 0 1/7 - 1/7 4 47

z 0 0 0 1 8 59

optimal solution: x, =4 4/7,x, =3,z =59
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R1'=R1/3
R2=R2-R1'
R3=R3-R1'
Rz=Rz+9*R1'

R1=R1+R3'/3
R2=R2-22/3*R3'
R3'=R3*3
Rz=Rz+10*R3'

R1=R1
R2'=R2/7
R3=R3+R2'
Rz=Rz+7*R2'




Example 3

eqgn x1 X2 sl s2 s3 RHS
1 0 1 0 0 1 3
2 0 0 1 1/7 -3 1/7 1 4/7
3 1 0 0 1/7 - 1/7 4 A7
z 0 0 0 1 8 59

— equation 3 reads:
X, + 1/7s, — 1/7s; = 4 4]7

so 1/7s, + 6/7s, 4/7 i1s valid and thus
X; +X, 7 1svald for IP
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Example 3

— add the new constraint and solve LP
max z=7/x +9x,
st. -X+3X,£6
X +X, £35
X, £3
X +X, £7
X, %1 Z,

to get optimum: x;, = 4, X, = 3, Z = 55 (integer!!)
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Example 3

increasing
~ objective

=7
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Example 2 (continued)

max X +3X,
10x, +3X, £45
4x, +20x, £ 65

St.

X, %1 Z,

— adding 2 slack variables (x5, X,) and solving by simplex
method, we get the final tableau

m-EE n-EE3 The Simplex Engine [l
BV X x x

*4

x 1 1

547 3/188 16/4 | ) || 15/4 @
——t—1
= |I |IEFA1.T" |IE?-’1BB II&EM I| Mmax @

http://www.tutor.ms.unimelb.edu.au/

and LP optimum x;, =3 %, X, =2%,z2=11 %
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Example 2 (continued)

- ~ T TR \ Ei

RHS

Help|

x 1 1 5-“4? -3/168 15/4 ‘ O [ 15/4 @
r || ||2.-“4T |I2T.f1EE II45.F-*-1 I‘ max % @

http://www.tutor.ms.unimelb.edu.au/

— valid constraint from equation 1:
5/47x, — 3/188x, = 15/4
therefore 20x, + 185x, 141 is valid
and thus 235x; + 940x, 3196 is valid

NOTE: 235(15/4) + 940(5/2) = 3231 ¥ > 3196
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Example 2 (continued)

- ~ T TR \ Ei

RHS

Help|

x 1 1 5-“4? -3/168 15/4 ‘ O [ 15/4 @
r || ||2.-“4T |I2T.f1EE II45.F-*-1 I‘ max % @

http://www.tutor.ms.unimelb.edu.au/

— valid constraint from equation 2
-1/47x4 + 5/94%, = 5/2
therefore 92x, + 5x, 47 Is valid
and thus 470x, + 188x, 2209 is valid

NOTE: 470(15/4) + 188(5/2) = 2232 % > 2209
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Example 2 (continued)

- ~ T TR \ Ei

RHS

Help|

x 1 1 5-“4? -3/168 15/4 ‘ O [ 15/4 @
r || ||2.-“4T |I2T.f1EE II45.F-*-1 I‘ max % @

http://www.tutor.ms.unimelb.edu.au/

— valid constraint from equation 3 (objective row)
2147x4 + 27/188x, = 45/4
therefore 8x5 + 27x, 47 Is valid
and thus 47x, + 141x, 517 is vald

NOTE: 47(15/4) + 141(5/2) = 528 % > 517
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Example 2 (continued)

— Resolve LP with 3 new C-G Inequalities

Resize W15 + 2 |~ The Simplex Engine
BV X X, Xg X4 X5 X X RHS

2]
|

Solve | | Help
RT

I I IE 27/235 37/47 26/5 O 141185 |
I IK | 1/235 /47 13/5 O |53/5
x1 |1 I | -3/235 4/47 16/5 Ol- |
I I | 26/5 36 1081/5 O
I I | 1 8/235 4/47 15 ®
z ﬂ 1/47 11 || ‘max v |

http://www.tutor.ms.unimelb.edu.au/

optimal solution: x, =3 1/5,x,=23/5,z=11
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Gomory Cutting Planes (results)

E. Balas et al | Operations Research Letters 19 (1996) -9
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Fig. 1. Cutting plane comparison
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Gomory Cutting Planes (results)

E. Balas et al | Operations Research Letters 19 (1996} 1-9 7
Table |
Computational results
Problem Size Pure Branch-and-cut
mx(p+gq) branch-and-bound with Gomory cuts

# of CPU # of # of CPU

nodes time nodes cuts time
A[Rm 823 x(gm_‘_n] L1 ] L L sk LES LE L
AIROS 426 X(Tl95 +0 =hE E *HE LLE] "k
BM23 200 x(27+ Q) 321 i3 238 336 6.3
CFAT200-1 1919 x(200 + 0) 85 4355 83 167 397
CTN2 150 = (120 4 120) 4975 163 179 888 52
CTN3 182 = (142 + 142) ik e 2013 8928 998
EGOUT 98 (55 + 86) 225 34 11 34 09
FXCH3 161 (141 + 141) A B 373 1555 117
GENOV A6 98 x(904 +0) 12485 1418 9425 5062 2466
LISZLAV 97 x(1989 + ) 5985 1169 3209 2359 1371
LSEU 28 x (89 + 0) 22175 309 519 454 27
MISCO35 300 x(74 + 62) 899 97 217 88 42
MISCO7 212 %(259 + 1) 22795 3107 15873 5277 3536
MODO0OS 6 x(319+0) 17367 385 2283 800 201
MODO010 146 x (2655 4+ 0) 663 197 1 37 9
MODGLOB 29[ )((93"‘324) ELE ] EL L ko g o
P0O033 15 x(33+0) 853 6.3 85 261 44
PO201 133 %(201 +0) 3307 207 1045 1306 211
PO282 241 % (282 +0) b e 671 2729 173
PO291 252 x(291 + 0) ok Rk 949 457 42
P0548 176 = (548 + 0} E rEE 545 153 41
P2756 755 x(2756 4+ 0) i i 463 376 776
RGN 24 (100 + 80) 2455 55 545 153 41
SAN200-0.9-3 1126 x{(200 + 0 A ke 2771 4487 7286
SCPC2Z8 385 x(468 +0) 107 43 107 195 62
SETIAL 492 % (240 + 472) b HhE 409 334 329
STEIN4S 331 X(4§ +m *hE ERE L) *%E L
TSP43 143 =< (1117 +0) 2243 247 421 332 101
VPMI 234 x(168 + 210) b e 2511 4030 1006
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TThe Gemory Method

1. Solve the LP relaxation using the Simplex method.
If all variables are integer then STOP;
this is the optimal IP solution.
Otherwise go to Step 2.

2. Choose one or more rows of the Simplex tableau
with fractional right-hand side. For each row chosen
generate the corresponding Gomory cut:

If row is (a,, a,,...,a,, b) the cut is

n

@- a )x2b- b

1=1

3. Add all cuts generated in Step 2 to LP. Go to Step 1.
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The Gomory Method (GM) assumes (converts) all coefficients
and right-hand sides of the problem are integer.

The GM will converge.

Resolving the LP can be done very efficiently using the Dual
Simplex Method.

In Step 2, choose one row only.
The GM can in practice be very slow to terminate.

Recent research shows that in combination with Branch-and-
Bound it can have very positive results. (see E. Balas et al.,
Operations Research Letters 19 (1996), pp 1-9)
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TThe Duall Simplex Methed

Initial tableau: Egn| x; X, | RHS
1
y | r
m
Z yO O rO

Assumption: Y, 3 O (if max.problem);y, £0 (if min.problem

1. Ifr 0the STOP: basic feasible solution is optimal.

Else select row i such that r, = min{r;} (i.e. select row with the most
negative RHS).

2. Ify; Oforalljthen STOP: dual is unbounded, so primal is infeasible.
Else choose ji N such that j = arg min{lyy/y;|: jl N, y; < 0}

3. Pivot so that | enters the basis and i leaves the basis. Go to Step 1.
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Dual Simplex Method: Example

max z=-2x - 6x,- 35X,
st.  10x +3x,+10x;,3 5
X +9x, +%;3 10
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Dual Simplex Method: Example

Optimal solution: x, = 5/29, x, = 95/87, x5 = 0, z = -200/29
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Example 3 (repeat example)

max z=7x +9x,

st. -X+3X£0
/X, +X, £35
X, %1 Z,

Final tableau after Simplex method:

egn x1 X2 sl s2 RHS Ratio test

1 0 1 7122 1/22 3 1/2 R1=R1+R2'/3
2 1 0 - 1/22 3/22 4 1/2 R2'=R2*3/22
z 0 0 2 6/11 1 4/11 63 Rz=Rz+10*R2'

Gomory cut due to row 1 1s 7/22s, + 1/22s, 1/2
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Example 3 (repeat example)

Add cut 7/22s, + 1/22s,

1/2 to tableau.

Applying dual simplex to the new tableau:

eqgn X X sl S2 s3 RHS
1 0 1 7/22 1/22 0 3 1/2
2 1 0 1/22 3/22 0 4 1/2
3 0 0 7122 1/22 1 - 1/2
Z 0 0 2 6/11 1 4/11 0 63
Ratio Test 8 30
egn X X S S2 s3 RHS
1 0 1 0 0 1 3 R1=R1-R3'*7/22
2 1 0 0 1/7 - 17 4 4/1  R2=R2-R3'/22
3 0 0 1 1/7 -3 177 1 4/7 R3'=R3*-22/7
z 0 0 0 1 8 59 Rz=Rz-R3'28/11
Ratio Test
Optimal solution: x, = 32/7, X, =3, z =59
Gomory cut due to row 2 is 1/7s, + 6/7s; 4/7
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Example 3 (repeat example)

Add cut 1/7s, + 6/7s; 4/7 to tableau.
Applying dual simplex to the new tableau:

eqgn x1 X2 sl S2 s3 s4 RHS

1 0 1 0 0 1 0 3

2 1 0 0 1/7 - 17 0 4 4]7

3 0 0 1 1/7 -3 1/7 0 1 4/7

4 0 0 0 1/7 - 6/7 1 4]7

z 0 0 0 1 8 0 59

Ratio Test 7 9.3333333

egn x1 X2 sl s2 s3 s4 RHS

1 0 1 0 0 1 0 3 R1=R1

2 1 0 0 0 -1 1 4 R2=R2-1/7*R4'
3 0 0 1 0 -4 1 1 R3=R3-1/7*R4'
4 0 0 0 1 6 -7 4 R4'=R4*-7

z 0 0 0 0 2 7 55 Rz=Rz-R4'

Optimal solution: x, =4, x, = 3, z = 55 (Integer!!)
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Branch and Cut (Maximisation)

A

Select node

A 4

Solve LP relaxation

A 4

N

Primal heuristic

Y
@ Update z
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