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Column GenerationColumn Generation

Why is column generation used?Why is column generation used?
LPs with very large numbers of variables need to be solved.LPs with very large numbers of variables need to be solved.

Why formulate problems with large numbers of (integer) Why formulate problems with large numbers of (integer) 
variables?variables?
–– The The boundsbounds provided by their LPprovided by their LP--relaxations are much relaxations are much 

betterbetter than those of alternative compact formulations, .than those of alternative compact formulations, .e.ge.g
the cutting stock gap is wellthe cutting stock gap is well--known to be known to be ≤≤ 1 generally, so 1 generally, so 
very little branching is required to get integer optimum.very little branching is required to get integer optimum.

–– Symmetry is eliminated or reducedSymmetry is eliminated or reduced as compared to as compared to 
compact formulations, leading to much smaller B&B trees.compact formulations, leading to much smaller B&B trees.

–– Complex constraintsComplex constraints, e.g. regulations specified in , e.g. regulations specified in 
Enterprise Bargaining Agreement (EBA) can be relegated to Enterprise Bargaining Agreement (EBA) can be relegated to 
a a subproblemsubproblem, and solved by specialised techniques., and solved by specialised techniques.
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What is column generation?What is column generation?

A method for solving LPs in which A method for solving LPs in which 
there are very large number of there are very large number of 

variables, without having to enumerate variables, without having to enumerate 
all the variables all the variables a prioria priori..
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Where has column generation been applied?Where has column generation been applied?

•• MultiMulti--commodity flow problemscommodity flow problems

•• Cutting stock problemsCutting stock problems

•• Binary cutting stock problemsBinary cutting stock problems

•• Air crew schedulingAir crew scheduling

•• Crew rosteringCrew rostering

•• Aircraft fleeting and routingAircraft fleeting and routing

•• Vehicle routingVehicle routing

•• Optical telecommunications designOptical telecommunications design

•• Ship scheduling and routingShip scheduling and routing
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A Quick revision on LPA Quick revision on LP

1.1. LP: LP: zzlplp = = min{cxmin{cx: : AxAx ≥≥ b, x b, x ≥≥ 0, 0, xx∈∈RRnn}}

2.2. Very large LPS can be solved very efficiently with todayVery large LPS can be solved very efficiently with today’’s s 
software, e.g. software, e.g. CplexCplex, , XpressXpressMPMP..

–– Usual method is still simplex method.Usual method is still simplex method.

3.3. Dual LP: w = Dual LP: w = max{ubmax{ub: : uAuA ≤≤ c, c, u u ≥≥ 0, 0, uu∈∈RRmm}}

4.4. Simplex method maintains basis B for column space of A via Simplex method maintains basis B for column space of A via 
subset of columns of A, indexed by B subset of columns of A, indexed by B ⊆⊆ {1,{1,……,n}.,n}.

–– It maintains feasible x and dual variable u It maintains feasible x and dual variable u ≥≥ 0 with 0 with ubub = = cxcx and strives and strives 
to achieve to achieve uAuA ≤≤ c.c.

–– Simplex iteration exchanges two columns in basis, i.e. B:=BSimplex iteration exchanges two columns in basis, i.e. B:=B\\{{i}U{ji}U{j}, }, 
ii∈∈BB, , jj∉∉BB

–– To choose j: find most infeasible dual constraint, i.e. select To choose j: find most infeasible dual constraint, i.e. select 

jj∈∈argarg min(cmin(ckk -- uauakk) < 0) < 0

where (cwhere (ckk -- uauakk) is the ) is the ““reduced costreduced cost”” of of xxkk..
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Column GenerationColumn Generation

What if A has a huge number of columns? How can we What if A has a huge number of columns? How can we 
solve the LP?solve the LP?

Definition:Definition: We call the LP with a huge number of We call the LP with a huge number of 
columns the columns the Master LPMaster LP..

Definition:Definition: If AIf Ass is a matrix formed from a subset of the is a matrix formed from a subset of the 
columns of A, and columns of A, and ccss is the corresponding is the corresponding subvectorsubvector
of c, the of c, the 

LPLPss: : zzss
LPLP = = min{cmin{cssyy: : AAssyy ≥≥ b, y b, y ≥≥ 0}0}

is called the is called the Restricted LPRestricted LP..

Note: ANote: Ass must be chosen so that LP is feasible and must be chosen so that LP is feasible and 
bounded below.bounded below.
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Algorithm to solve the Master LPAlgorithm to solve the Master LP
Step 0:Step 0:

Choose an initial set of columns AChoose an initial set of columns Ass..

Step 1:Step 1:

Solve the Restricted LP to obtain optimal basic solution Solve the Restricted LP to obtain optimal basic solution yy and and 
corresponding duals corresponding duals uu..

Step 2:Step 2:

Note that Note that xx given by given by 
xxii = = yyii, if column , if column ii is in Ais in Ass; 0, otherwise; 0, otherwise

is a basic feasible point for the Master LP and is optimal if is a basic feasible point for the Master LP and is optimal if 

uAuA ≤≤ c.c.

Solve column generation Solve column generation subproblemsubproblem: : 
zzsubsub = = min{cmin{cii –– uauaii: : aaii is a column of A}is a column of A}

If If zzsubsub
≥≥ 0 then STOP: 0 then STOP: xx is optimal for Master LP.is optimal for Master LP.

Otherwise add Otherwise add aaii such that such that ccii –– uauaii = = zzsubsub to Ato Ass and go to Step 1.and go to Step 1.
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A Cutting Stock ProblemA Cutting Stock Problem

A cutting stock problem with 17m stock lengths A cutting stock problem with 17m stock lengths 
and with orders for 25 pieces of length 3m, 20 and with orders for 25 pieces of length 3m, 20 
pieces of length 5m and 15 pieces of 9m.pieces of length 5m and 15 pieces of 9m.

Let P be the set of all cutting patterns.Let P be the set of all cutting patterns.

Let Let aaipip denote the number of pieces of length denote the number of pieces of length llii
cut in pattern p, where lcut in pattern p, where l11 = 3, l= 3, l22 = 5 and l= 5 and l33 = 9.= 9.

Let the demand for each length Let the demand for each length llii be bbe bii, where b, where b11

= 25, b= 25, b22 = 20, b= 20, b33 = 15.= 15.
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A Cutting Stock ProblemA Cutting Stock Problem

a1p a2p a3p

Pattern p
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A Cutting Stock ProblemA Cutting Stock Problem

Variable:Variable:

xxpp = number of times pattern p is cut= number of times pattern p is cut

Let A be the constraint matrix, i.e. A = (Let A be the constraint matrix, i.e. A = (aaipip))
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A Cutting Stock ProblemA Cutting Stock Problem

Step 0Step 0: : 

Choose subset of columns corresponding to Choose subset of columns corresponding to 

cutting patterns (5 0 0)cutting patterns (5 0 0)TT, (0 3 0), (0 3 0)TT, (0 0 1), (0 0 1)TT, i.e., i.e.
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A Cutting Stock ProblemA Cutting Stock Problem

Step 1:Step 1:

SolveSolve

Optimal basic solution isOptimal basic solution is

yy11 = 5, y= 5, y22 = 6 2/3, y= 6 2/3, y33 = 15= 15

and optimal dual variablesand optimal dual variables

u = (1/5, 1/3, 1)u = (1/5, 1/3, 1)
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A Cutting Stock ProblemA Cutting Stock Problem

Step 2:Step 2:

Solve column generation Solve column generation subproblemsubproblem::

But what does it mean for But what does it mean for aapp to be a column of to be a column of 

the Master LP?the Master LP?

aapp = (a= (a1p1p, a, a2p2p, a, a3p3p))TT is integer, is integer, ≥≥ 0 and 0 and satisfies satisfies 

3a3a1p1p + 5a+ 5a2p2p + 9a+ 9a3p3p ≤≤ 1717
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A Cutting Stock ProblemA Cutting Stock Problem

Therefore column generation Therefore column generation subproblemsubproblem isis
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Optimal solution:
a1p = a2p = a3p = 1

zsub

= 1 – (1/5 + 1/3 + 1) 
= -8/15 < 0
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A Cutting Stock ProblemA Cutting Stock Problem
Minimum reduced cost is Minimum reduced cost is negativenegative, so column , so column 

(1 1 1)(1 1 1)TT

should be added to Ashould be added to Ass..

We return to Step 1 and solve the new restricted LP:We return to Step 1 and solve the new restricted LP:

Optimal basic solution isOptimal basic solution is
yy11 = 2, y= 2, y22 = 1 2/3, y= 1 2/3, y33 = 0, y= 0, y44 = 15= 15

and optimal dual variablesand optimal dual variables
u = (1/5, 1/3, 7/15)u = (1/5, 1/3, 7/15)
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A Cutting Stock ProblemA Cutting Stock Problem

Column generation Column generation subproblemsubproblem isis

Optimal solution to Optimal solution to subproblemsubproblem isis

aa11 = a= a22 = a= a33 = 1= 1

Therefore Therefore zzsubsub = 1 = 1 –– (1/5+1/3+7/15) = 0(1/5+1/3+7/15) = 0
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A Cutting Stock ProblemA Cutting Stock Problem

Thus there can be no negative reduced cost columns Thus there can be no negative reduced cost columns 
and optimal solution to Master LP is to useand optimal solution to Master LP is to use

2 x (5 0 0)2 x (5 0 0)TT, , 1 2/3 x (0 3 0)1 2/3 x (0 3 0)TT, , 15 x (1 1 1)15 x (1 1 1)TT

Note:Note:
This is not integer!!This is not integer!!

But LP value = 2 + 1 2/3 + 15 = 18 2/3 is lower bound on But LP value = 2 + 1 2/3 + 15 = 18 2/3 is lower bound on 
problem.problem.

Observation:Observation: Now Now 

2 x (5 0 0)2 x (5 0 0)TT, 2 x (0 3 0), 2 x (0 3 0)TT, 15 x (1 1 1), 15 x (1 1 1)TT

is an integer feasible solution with value 19.is an integer feasible solution with value 19.

Is this the optimal solution?Is this the optimal solution?
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A Cutting Stock ProblemA Cutting Stock Problem

Sample Sample XpressXpressMPMP implementationimplementation
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Human Resource Planning (HRP)Human Resource Planning (HRP)

Tasks to be performed: 1, 2, Tasks to be performed: 1, 2, ……, n, n
hhii = time required for task i (hours)= time required for task i (hours)

H = max number of hours worker can work in a dayH = max number of hours worker can work in a day

What is the minimum workforce required?What is the minimum workforce required?
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Human Resource Planning (HRP)Human Resource Planning (HRP)

Solve Master LP

Solve subproblem

Add columns?

Yes

?

No

Initialise Columns
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Human Resource Planning (HRP)Human Resource Planning (HRP)

Sample Sample XpressXpressMPMP implementationimplementation
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Human Resource Planning (HRP)Human Resource Planning (HRP)
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A Vehicle Routing Problem (VRP)A Vehicle Routing Problem (VRP)
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A Vehicle Routing Problem (VRP)A Vehicle Routing Problem (VRP)
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A Vehicle Routing Problem (VRP)A Vehicle Routing Problem (VRP)



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 26

An Air Crew Scheduling ProblemAn Air Crew Scheduling Problem
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An Air Crew Scheduling ProblemAn Air Crew Scheduling Problem



620362 Applied Operations Research (Department of Mathematics & Statistics, University of Melbourne) 28

Further readingFurther reading

Winston Chapter 10.3Winston Chapter 10.3
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Next lectureNext lecture……

Column Generation Column Generation 

& & 

BranchBranch--andand--BoundBound

DantzigDantzig--Wolfe DecompositionWolfe Decomposition


