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Column Generation

Why is column generation used?
LPs with very large numbers of variables need to be solved.

Why formulate problems with large numbers of (integer)
variables?

— The bounds provided by their LP-relaxations are much
better than those of alternative compact formulations, .e.g
the cutting stock gap is well-known to be < 1 generally, so
very little branching is required to get integer optimum.

— Symmetry is eliminated or reduced as compared to
compact formulations, leading to much smaller B&B trees.

— Complex constraints, e.g. regulations specified in
Enterprise Bargaining Agreement (EBA) can be relegated to
a subproblem, and solved by specialised techniques.
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What is column generation?

A method for solving LPs in which
there are very large number of
variables, without having to enumerate
all the variables a priori.
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Where has column generation been applied?

* Multi-commodity flow problems

» Cutting stock problems

* Binary cutting stock problems

* Air crew scheduling

» Crew rostering

 Aircraft fleeting and routing
 Vehicle routing

» Optical telecommunications design
» Ship scheduling and routing
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A Quick revision on LP

1. LP: Z, = min{cx: Ax 2 b, x 2 0, xe R"}

2. Very large LPS can be solved very efficiently with today’s
software, e.g. Cplex, XpressMP.
— Usual method is still simplex method.

3. Dual LP: w = max{ub: uA <c, uz=0, ueRm

4. Simplex method maintains basis B for column space of A via
subset of columns of A, indexed by B c {1,...,n}.

— It maintains feasible x and dual variable u = 0 with ub = ¢cx and strives
to achieve uA < c.

— .Sirgp.legiteration exchanges two columns in basis, i.e. B:=B\{i}U{j},
€D, |&
— To choose j: find most infeasible dual constraint, i.e. select
jearg min(c, - ua,) <0
where (c, - ua,) is the “reduced cost” of x,.
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Column Generation

What if A has a huge number of columns? How can we
solve the LP?

Definition: We call the LP with a huge number of
columns the Master LP.

Definition: If As is a matrix formed from a subset of the
C?Iumhns of A, and cs is the corresponding subvector
of c, the

LPs: 28, = min{csy: Asy 2 b, y = 0}
IS called the Restricted LP.

Note: As must be chosen so that LP is feasible and
bounded below.
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Algorithm to solve the Master LP

Step 0:
Choose an initial set of columns As.

Step 1:

Solve the Restricted LP to obtain optimal basic solution y and
corresponding duals w.

Step 2:
Note that x given by
X;=J, if column /is in As; 0, otherwise
IS a basic feasible point for the Master LP and is optimal if
uA <c.

Solve column generation subproblem:
zs'0 = min{c, — ua;: a, is a column of A}

If zsub > 0 then STOP: x is optimal for Master LP.
Otherwise add a, such that ¢, — ua, = zs' to As and go to Step 1.
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A Cutting Stock Problem

A cutting stock problem with 17m stock lengths
and with orders for 25 pieces of length 3m, 20
pieces of length 5m and 15 pieces of 9m.

Let P be the set of all cutting patterns.

Let a,, denote the number of pieces of length |
cut in pattern p, where |, =3,l, =5and |; = 9.

Let the demand for each length /;be b, where b,
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A Cutting Stock Problem

P P Y
Pattern p # of 3m # of Sm # of Om
Pattern 1 5 0 0
Pattern 2 4 1 0
Pattern 3 2 2 0
Pattern 4 2 0 1
Pattern 5 1 1 1
Pattern 6 0 3 0
Pattern 7 0 0 1
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A Cutting Stock Problem

Variable:
X, = number of times pattern p is cut

P
min pr

pe P

S.t
Y a,x,2b, i=123

ip”p i
peP

x=0

Let A be the constraint matrix, i.e. A = (a;))
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A Cutting Stock Problem

Step 0:

Choose subset of columns corresponding to
cutting patterns (500)T, (03 0)", (00 1)7, i.e.

5 0 0
A*=|0 3 0
0 0 1
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A Cutting Stock Problem

Step 1: ‘min Nt Y, T Y;
Solve st.

Sy, 225

3y, =220

y, 215

y20

Restricted LP: <

Optimal basic solution is
Y1=9,¥,=62/3,y,=15
and optimal dual variables
u=(1/5,1/3, 1)
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A Cutting Stock Problem

Step 2:
Solve column generation subproblem:

‘min  1-(1/51/3,1)a,

< S.L.

a, 1s a column of the Master LP

But what does it mean for a, to be a column of
the Master LP?

a, = (ay,, 8y, a3,)' is integer, 2 0 and satisfies
32, + 94y, + 935, = 17
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A Cutting Stock Problem

Therefore column generation subproblem is

sub

_Jst

. 1 1
min 1-|—-q, +-a,, +a,,

5 3

3a,,+5a,,+9%a;, <17

a,,,4a,,,a5, 20, Integer

-

max 1 a +l a. +q Optimal solution:
g tpg e TP a1p=azp=a3p=1
S.I.
3a, +5a, +9a, <17 2t
! ’ >O3-p — s s3]
(p> G prls), = , Integer _ olE
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A Cutting Stock Problem

Minimum reduced cost is negative, so column

(111)7
should be added to As.

We return to Step 1 and solve the new restricted LP:
‘min -y, +y, +y;+y,
s.t.

S5y, +y,225

3y, +y, 220

v;+y, 215

y20

Restricted LP: <

Optimal basic solution is
V1 =2,¥=123,y;,=0,y,=15

and optimal dual variables
u = (1/5, 1/3, 7/15)
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A Cutting Stock Problem

Column generation subproblem is

-

1 1 7
max —a,, +-a,, +Ea3p

5 3

Zsub —1— S.L.
3a,,+5a,,+9%a,, <17

ay,,a,,,05), > 0, integer

Optimal solution to subproblem is
ay=a,=ag="1

Therefore zW° = 1 — (1/5+1/3+7/15) = 0
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A Cutting Stock Problem

Thus there can be no negative reduced cost columns
and optimal solution to Master LP is to use

2x(500)T, 12/3x(030)T, 15x(111)T

Note:
This is not integer!!

ButLP value=2+12/3 +15 =18 2/3 is lower bound on
problem.

Observation: Now
2x(500),L2x((030),15x(111)T

IS an integer feasible solution with value 19.

Is this the optimal solution?
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A Cutting Stock Problem

Sample XpressMP implementation
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Human Resource Planning (HRP)

Tasks to be performed: 1, 2, ..., n
h, = time required for task i (hours)
H = max number of hours worker can work in a day

What is the minimum workforce required?

Subproblem::

rmax Zn:uiyi
sl [

> hy,<H

yle 0.1}, Vi=1,...n
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Human Resource Planning (HRP)

Initialise Columns

A 4

Solve Master LP

\ 4

Yes Solve subproblem

Add columns?

No
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Human Resource Planning (HRP)

Sample XpressMP implementation
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Human Resource Planning (HRP)

(# simplex iterations)

- HRP HRP HRP HRP
Scen ario (Assignment) | (Assignment - | (Partition- | (Partition-
SymBreak) Heuristic) | ColGen)

40 tasks # constraints 64 87 40 40

# variables 984 984 390 71

LP value 22.25 22.25 23 23

MIP value 23 23 23 23

# nodes 471 (204) 1,079 (443) 1 (76) 1 (46)

(# simplex iterations) 48 colgen iters
50 tasks # constraints 84 117 50 50

# variables 1,734 1,734 384 83

LP value 30.425 30.425 33 33

MIP value 33 33 33 33

(~7.8%, 60s)
# nodes 63,023 (242) 141 (530) 1 (70) 1 (60)

50 colgen iters
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A Vehicle Routing Problem (VBP)

Let

N = fleet size

(' = set of customers

R = set of routes

R; = set of routes that serve customer i
Cr = COSt of route r = ZIE{links in route r} G
] 1, userouter

o { 0, otherwise

The Master IP:

( min ZreR Crily
st Y ep @2 1VieC (dual:m)
o preﬁ Ly 2 _i?\'r (dU_C'Ll . !u)

r, €40,1},Vre R
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A Vehicle Routing Problem (VBP)

The subproblem is to find a feasible vehicle route that minimizes reduced cost. For the

subproblem, let
| 1, if route goes ¢ — j
i = 0, otherwise

The reduced cost for some route r* is given by

Z(%’ — i)Y +

i
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A Vehicle Routing Problem (VBP)

The resulting sub-problem is a shortest path problem with negative cost cycle (see Figure
10). There may be further complicating constraints such as vehicle capacities and time
windows.

—— A solution arc
Customers > An arc (nhot in solution)

Figure 10: The subproblem for VRP.
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An Air Crew Scheduling Problem

The objective here 1s to allocate air crews to flichts such that total cost is minimised. A
pairing 1s a sequence of flichts lown by a crew. Consider the problem shown in Figure 11.
Flights between Sydney, Melbourne and Adelaide are considered. Sydney and Melbourne
are crew bases. There 1s a minimum half-an-hour turnaround time and there should be no
more than 5 hours between consecutive flights. Pairings must start and end within one day,
at the same crew base.
Let
F = set of flights
P = set of crew pairings
P = set of pairmgs that use flights f

1. use pairing j in solution

X, = .
J 0. otherwise
¢; = cost of pairing j Crew base
SYD ”
2 .
1 4 7/ \a o/ 2o 7 — A flight
=== A pairing
Crew base 18

MEL
5 g / 14 .
3 g 10

53
ADL
Bam 7 M 12 1pm 2 3 4 5 6 7 8§ 9
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An Air Crew Scheduling Problem

The Master IP:

¢ .
min. Q. p ¢

{ s.t. Zjepf:r.jzl,‘v’fEF (m¢)

x; binary vVj € P

Subproblem: flight network (F?. C?) for all crew bases b (see Figure 12).
Minimum reduced cost pairing = shortest “valid” path.

C(ms.n3) _”fs

Melbourne
Crew Crew
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Further reading

Winston Chapter 10.3
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Next lecture...

Column Generation
&
Branch-and-Bound

Dantzig-Wolfe Decomposition
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